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ABSTRACT 

Tin problem of applying modular attitude control to a rigid body • flexible suspension model of a fle xible 
spacecraft witb some state va ri a bles inaccessible was addressed by developing a sequence single* axis models 
end generating a series of reduced state fines* o b ser v ers of nrinhnoin order to reconstruct those scalar state 
variables that were inaccessible. Hie specific single axis models treated consisted of two, three, four and five 
rigid bodies, respectively, interconnected by a flexible shaft passing through the mass centers of the bodies. 
Reduced state linear observers of all orders to one less than the total number of scalar state variables were 
generated for each of the four single* axis models cited. Each of the single* axis models was then transformed 
to a corresponding modal model to which modal Ampm was added. Each of the damped modal models 
was written in state variable form. With the —-miptiirn that at least one of the scalar modal 1 it e variables 
was accessible, rotated state linear observers were developed for sythesising the inaccessible modal state 
variables for each modal model. 
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raCTXON 1 OF POOR QUALITY 

INTRODUCTION 


This report is submitted in compliance with ths Scops of Work under contract NAS8- 53979. Tbs 
period of performance covered by the contract is from October 1, 1985 to August 31, 1984. The submission 
and approval of this report constitute the successful completion of the ‘Erihibit D" portion of the contract. 

This report is a sequel to five others, two of them previously submitted under a different contract 
usual er. The two prior reports, under a different contract number, references (l-l) and (1-2), were submitted 
in October 1978 and September, 1979 and covered the periods from July 27, 1977 to July 27, 1978 and from 
August 26, 1978 to August 26, 1979, respectively, in compliance with "Exhibit A" of contract NAS8-32660. 
Three prior final reports were prepared under contract NAS-33979. Reference (1-3) was submitted on March 
8, 1982 and covered the period from August 13, 1980 to October 15, 1981 in compliance with “Exhibit A” 
of the contract. Reference (1-4) was submitted on March 18, 1983 and covered the period from October 16, 
1981 to October 31, 1982 in compliance with “Exhibit B". Reference (1-5) was submitted on Jannary 24, 
1984 and covered the period from November 1, 1982 to September 30, 1983 in compliance with “Exhibit C” . 

1.1 OBJECTIVE 

The sections that follow summarise the effort expended on the Modular Design Attitude Control System 
Study contrac from October 1, 1983 to August 31, 1984. In prior applications of modular attitude control 
to rigid body-flexible suspension approximations of the rotational dynamics of prototype flexible spacecraft, 
it was assumed that all of the scalar state variables of the linearised models were accessible for measurement 
and/or control. Actual spacecraft to be controlled almost never satisfy such a broad condition. Therefore, 
the principal objective of the development of modular attitude control, completed August 31, 1984, was the 
generation of a series of linear observers to support the application of control to state variable models of 
flexible spacecraft with damping for which one or more state variable.” are inaccessible. 


1.3 SCOPE 

Study effort was concentrated in four main areas: 

A. Development of a series of single axis state variable models of flexible spacecraft with damping to 
be utilized in the comparison of different approaches to the development of modular attitude control 
systems. These models consisted of two, three, four or five rigid bodies serially connected by a flexible 
suspension in such a way that motion was restricted to rotation about a common axis through the 
mass centers of the bodies. 

B. Generation of reduced state linear observers for each damped single axis model developed in Task 
A corresponding to various numbers end distributions of inaccessible state variables following the 
approaches presented in Luenberger (1-6), (1-7), (1-8), and Sage (1-9). 

C. Transformation of the undamped versions of the single aids models developed in Task A to their 
corresponding modal models with modal damping following the approach presented in Thomson (1- 
10 ). 

D. Generation of reduced state linear observers for each modal model developed in Task C with various 
numbers of inaccessible modal state variables utilising direct matrix products as described in Lancaster 
(HI). 


1J CINIiAL 

This report is comprised of seven sections. Set cions 2 through 5 describe the development of the two*, 
three*, four* and Sve*body single* axis state variable models, respectively, of a prototype flexible spacecraft 
with damping and the generation of the minium™ order reduced state lmear observers for the reconstruction 
of inaccessible scalar state variables of these models. Section 6 begins with the transformation of the single* 
axis models of Sections 2 through 5 to modal forms to which modal damping is added and concludes with 
the development of reduced state linear observers for these models when one or more modal state variables 
are inaccessible. Section 7 lists a number of conclusions and recommendations drawn from generation of 
linear observers for the series of single*axis state variable models described above. References are listed at 
the end of each section. 
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SECTION S 
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DEVELOPMENT OP TWO-BODY SINGLE-AXIS MODEL AND ITS 
SEDUCED STATE LINE AX OB8EXVEKS 

XI OSICINAL DAMPED MODEL 

The rotatioaal dynamics of tbs two-body single-axis model of a flexible spacecraft with damping shown 
in Fig. 2-1 may bo reprsaenlad by tbs following sst of eqaaiions: 


Ii§i -ci (^i — 67 ) - k\ (di - dj) -r ?i (2-1) 

hi* «■ ci (rfi - ) + hi (f i — 0?) + 9a (2-2) 


o u sts ; 

/, 

9i 

ii 

9 

ki 


rotational insrtia of body t; t « 1,2 
angular displacsmsnt of body i 
angular rats of body » 
torqae applied to bod;' « 

rotational spring coefficient at the interface between the bodies 
rotational damping coefficient at the interface between the bodies 


2J STATE VARIABLE MODEL 

The state variable form of the two-body tingle- avis model of a flexible spacecraft with damping shown 
in Fig. 2-1 may be expressed as follows: 

± -Ax + Bu (2-3) 

*a “ Cx (2-4) 


where: 


x 

*A 

*1 

u 

A 

B 

C 

A 


r i 
*as 

«41 

B 


-[*i * x 0 7 d’r] r -[*i *t *4] r -(xJ xT] r 
wm m-vector of accessible scalar states 
■■ p-vfetor of inaccessible scalar states 

™ «j ) r ■■ [ ^ j <■ control vector 

* 4 x 4 state vector coefficient matrix 
■ 4xr control vector coefficient matrix (r — 1 or 2) 
-mxl measurement or observation matrix 


0 

1 

0 

o • 

— «tc 

-oaari 

«es 

oatn 

e 

0 

0 

1 

*41 

«4Jfl 

—04i 



£l_ 

hi 

*L 

h 

hi_ 

h 


'0 

0 " 

1 

0 

0 

0 

.0 

1 . 


state vector 


(2-4) 

(2-e) 


(2-7) 

(2-4) 

(2-2) 
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FIGURE 2-1 

TWO-BODV SINGI^-AXIS MODEL WITH DAMPING 
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TW block £ifn& corresponding to tbit model it depicted in Fif. 2-2. 
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114 bkndnrtioD 

IV mfomm ordtr (number of scalar state variables) of a reduced state linear observer required to 
reconstruct tbs 4*m iaarrsiwibls scalar states of tbs two-body single- axis model represented by equations 
(3-3) through (2-3) it p • 4 — ». Tbit reconstruction was accomplished for a given state variable model in 


tbrse main stages. 

1) Synthesizing a linear observer of mtninwm required order (p). 

2) Defining a synthesised variable corresponding to each of the inaccessible state variables of the given 


state variable modeL 


3) Expressing each synthesised variable at a function of the state variables of the reduced state observer 
and the accessible state variables of the given state variable model. 


The relationship between the single axis model and its corresponding reduced state observer is depicted in 
Fig. 2-3. 

The equations for the reduced state observers corresponding to the state variable model of equations 
(2-3) through (2-9) are the following: 


Du + Eu + Gy 

(2-10) 

Tx 

(2-11) 

TB 

(2-12) 


where: 

D *■ p x p ob s e r ver co< Orient matrix (assumed diagonal) 

E » p x r observer control vector coefficient matrix 
G ■ pXffl observer vector of observed states coefficient matrix 
T » px4 observer weighting matrix 

The corresponding block diagram appears in Fig. 2-4. 


1J.3 Observer Synthesis Equations 

The equations for synthesizing the reduced state linear observers, based on those appearing in Luen 
berger (l— l) , (l-2), (1-3) and Sage (1-4), were written in the following form. 


For 


’du 

l 0 


<11 <13 <18 <14 

L<*1 <*3 <*3 <M J 

/ll /ll /lS / 14 

• • • • 

• # * • 

* • e ♦ 

fp,i Spa fp>* 


o • 


TA - DT ■ F 
F-GC 


( 2 - 13 ) 

( 2 - 14 ) 

( 2 - 15 ) 

( 2 - 16 ) 

( 2 - 17 ) 
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State and Observation Equations! 
x * Ax ♦ Bu 

x A = Cx 


FIGURE 2-2 

BLOCK DIAGRAM OF THE STATE VARIABLE MODEL 
OF A FLEXIBLE SPACECRAFT 
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u ■ vector of scalar inputs to vehicle model 
= vector of accessible scalar states of model 
£ « vector of scalar states of observer 
T * observer weighting matrix 

Xj • vector of reconstructed scalar states of model 


x 



reconstructed vector of all scalar state variables of 
vehicle model 


FIGURE 2-3 

BLOCK DIAGRAM OF SPACECRAFT MODEL 
AND ITS REDUCED STATE LINEAR OBSERVER 
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Observer Equations* 

t * Dz ♦ G:c a + Eu 
Since Gx^ = GCx * Fx, 
1 * Dz + Fx ♦ Eu 


FIGURE 2-4 

BLOCK DIAGRAM OF LINEAR OBSERVER 
FOR STATE VARIABLE MODEL OF FIGURE 2-2 
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ltd the fonn of the ▲ matrix given in equation (2-5) the obnmr synthesis equations reduce to the following 
general fonne. 


■“ 4afts “ *4i r i*i4 +/ia 

*i« " -a*#**! t,3 + 4 + /|4 


[-(«3sPi+ 4) <*4iPi 1 r*»a 1 — [/«i +4fi/.a] 

L °*SPt “(<*4lPl+4)J M l/i» + df»7«4J 

wiwrt: 

<kn “ <*aan + it 

<ti3 * ®41 f l + 4ff 

Pi » 1 + txiii 

Aj a * (<*3aPi + 4)(°4iPi + 4) ~ 033041 P? 

** 4 (°33Pl +O 41 PI +4) 

j ^ (*»?* + 4 )(/«i + dgfia) 4 - 041P1 (/«» Hh <ft« 7 « 4 ) 

A»a 

* . °33Pl (/il -f <^ 1 / 13 ) + («33Pl ~f 4 )(/»3 + <4 »/i4) 

“ " “ a;. 3 

<ki [<*41 + {<*38 + <*4l) f l<ii' + 4 

*i'l * ^ 77 V«'l +<4 ‘i/i3) +/i3 + 

a i3 

<*33 da tr . , # , . 4 w[«w + («M + « 4 iM «+4 

*18 * 77 — [Jil + <*ii/i3j T 

^*•3 ^i3 


t»l,2,...,p (2-18) 

(2-19) 

( 2 - 20 ) 

( 2 - 21 ) 

( 2 - 22 ) 

(2-23) 

(2-24) 

* = l,2,...,p (2-25) 

(2-26) 

Z^T-Vit + dii/u) (2-27) 

-(/.3+47.4)+/.4 (2-28) 


2.3.3 Comparis on of T Matricn for Damped and Undampad Modal* 

If damping is removed from the model, ri -* 0, dm — * da, dm — » da, pi —* 1 and 
Aj-J — ► 4 ( a 33 + <*41 + 4 ) " A, 3. 


*»3 

t,4 

til 

t , '3 


(<*41 + 4) (/il + djjfrt) + <*41 (/i3 + dgfu) 

Af3 ' 

a 3a(/ ii + diifu) 4- (<*3» + 4)(/i8 4- <^i7i4) 

A*a 

4ff [(<*41 + 4) (/it 4- <4.7.3) ~ <*4l(/i8 + <^‘ 1 / 14 )] 

A,3 

4fi [<*33 (/il <f|.’/.a) - (<<38 + 4)(/« + ^ii7i4)| 


Jil 

Ji4 


i-l,2,...,p (2-29) 

(2-30) 

(2-31) 

(2-32) 


Comparison of the corresponding equations for generating the elements of the T matrix, tjj (t ** 1,2, . . . ,p; 
j ■» 1,2,3, 4) revealed that the addition of damping at the interface between the two bodies had the following 
effects: 
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1* h the umAm urn wi m t, % —A t, 4 , the ele m ents of the even columns of the T matrix m a fraction 
o I the /,j, tb dw nw to of the T matrix, the fonn of ltd equation remains the tame under addition 
of damping with anpi and * 4 iPi being subetituted for each scalar 033 and a 4 x appearing in the 
cotreepoadhg «[uatioa> for the undamped two body model. 

2. In the equation expreeting t,i , the elements of the first column of the T matrix as a function of 
tk* fijt the elemen ts of the F matrix, the fonn of the equation remains the same under addition of 
damping except that the expression, oupx + an rid,,, appears in the place of o 4l in the coefficient of 
(fit + diifn) in the numerator and o^sPi and o^xPi appear in the place of a 38 and a 41 respectively in 
the denominator. 

3. In the equation exprtaeing t, 8 , the elemeuti of the third column of the T matrix at a fonctiuon of 
the Jijy the elemente of the F matrix, the fonn of the equation remains the same under addition of 
damping except that the expression, o^spi + a 4 x»*idf{. appears in the place of 033 in the coefficient of 
(/•a + diifu) in the numerator and anp\ and 04ipx appear in the place of a 23 and a 4 x, respectively, 
in the denominator. 

3.4 SOLUTION FOE SYNTHESIZED STATE VARIABLES 
3.4.1 Introduction 

Inaccessibility of a state variable in the model equations (2-3), (2-4) is reflected by a corresponding 
nnQ column in the observation matrix, C, and a corresponding null column in the F matrix as implied 
by equation (2-14). For the generation of reduced order observers for the two body model the number of 
inaccessible state variables can be 1, 2 or 3. 


2 .4J First Order Observers (p»l) 

A first order linear observer corresponds to inaccessibility of one of the four scalar state variables of 
the two body model. The observer equation then reduces to: 


x = dx + Eu + Gy, 

(2-33) 

the F and T matrices reduce to: 


F «[/, h h U\ 

(2-34) 

T -jtx «a *a *ej 

(2-35) 

and the observer synthesis equations reduce to the following forms: 


, («4iPi +d 3 )(/ I +dfi) + a4ipi(fi +dM 

3 " *a 

(2-36) 

t «33Pl(/l +dfa) + («23Pl +<**)(/3 +#0 

(2-37) 

A a A a 

(2-38) 

- -2d (/ , + jf,) + fey..+ + u 

**» A a 

(2-39) 

Pi • 1 + rid 

(2-40) 

Aj * cP(an?i +«4iPi +<£*) 

(2-41) 


Since this case corresponds to inaccessibility of one state variable, one of the /, (1 » 1,2, 3, 4) * 0. 
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SvppoM S 4 , tb tolar state npwathf the angular rat* of body 3, i* inaccessible. Then it is assumed 

that: 


’l 0 0 0‘ 
Cm 0 10 0 

0 0 10 


' for which: 


(3-43) 


F -»[/i h ft 0] (3-43) 

and T is of the form shorn in equation (3-33). 

From equations (3-14), (3-43) and (3-43), 

G " \ J\ ft ft I (2-44) 

and from equations (2-9), ( 2 - 12 ) and ( 2 - 33 ) 

* - [<a U] (2-45) 

This equation corresponds to r ** 2 , control torques applied to both bodies. For control troque applied only 
to body 1 , 

» 

* -(fa 0j ' (2-46) 

and for control torque applied only to body 2 , 


* - [0 tel 


The equa t ions for determining the elements of the T matrix reduce to the following forms: 


— + < P)(/i + ffa) + Q 4 iPi/a 

. <*aaPi (fi -h /a ) + (oaaPi + <P )/a 

4 Ai 

v 

tj d((mpi -faigrid + d 3 )(/i + 4 fg) j + Pei d 

Aj Ag 

, Qj sd(/t + <#a) 4-d(o38Pi + 0411*1 d + <P)fa 
* A^ 

From equations ( 2 - 11 ) and (2-35), 


S — fl*l + f J®3 +t8«a +*4*4 


waere £4 m the synthesised * 4 . 
Solving for £4 yields: 


*4 



(2-47) 

(2-48) 
(2 4ft) 
(2-50) 
(2-51) 

(2-52) 


( 2 - 53 ) 
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For inac ce aai h il Hy of Ji, *a or s;, the iqu^ou for dstennuung t { , (2-36) through (3-39) an appropriately 

modified. 


til Second Order Obeorvera (p -» 2) 

The equation for a linear observer of order two correepoada to two of the four scalar state variables 
hemg inacceorihie. It if r ep ree e at ed here aa equation (2-10). If the obeerrer coefficient matrix ia assumed to 
bo dbfonal ia thia caae it appears aa follows: 


0 

N 

r "■ ‘i 

it ° 

(J-M) 

Since the observer is of order two, 


■ * [*l|3sl r 

(2-55) 

j m T/ll /l3 /l3 /ul 

[hi fn /as /34J 

(2-56) 

and, 


T » [ <u tia <l3 tu 1 
[<ai <33 <33 <34 J 

(2-57) 


The specific forma of the equationa for generating the elements of 1 depend upon which two of the scalar 
states are inaccessible. For each inaccessible state the corresponding columns in the C and F matrices are 
nulL 


Example 

Corresponding to the angular position and rate, respectively, of body 2, suppose that the scalar states 
Z3 and 24 are inaccessible. Then the equations for generating the elements of the T matrix assume the 
following forms. 


t ia — 4. data) i =» 1,2 

A; 3 

<14 * — T7^(/ii -i- d,j/,a) 

“ri 

- _*d2 m±2p4i)±2A (M + *,/.,) + 

“»a 

tf» ” ”* +dii/ia) 

*^a 

where pi and A' 3 are defined in equations (2-23) and (2-24). 
From equation (2*11), 

pis fi«] pal m pi ~ < 11*1 ~ <13*3 
[<33 I34J [24J [ra — <ai*i “<33*3, 

where 23 and £4 are synthesised state variables. 


(2-58) 

(2-39) 

(2-60) 

(2-61) 


(2-62) 


Let As 


where: 

(Aa),j 


<13 <14 

<33 <34 


<1S<34 — <14<38 f 4 0 


» A3 without elements of ith row and jth column 
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~*n»i -*ia*a) - (Aa) a<1 (s»a -*afi — *aa«a) 
At 

-(A»)u(»i --*ii«i -<iat) + (At) a j(*a — *ai*i -<aat) 

At 


(S-M) 

(3-M) 


For >• and ** inaccessible, it is assumed that: 


C 

F 

From F 

G 

From E 

E 

E 

S 


fl 0 0 
■[010 

a 

(a-«) 

m f/ll /l3 

[/si /as 

00 ] 
0 0 j 

(*-«•) 

- GC, 



_ f/u /ia 
[/ai /aa . 


(J-«7) 

- TB, 



m f *13 *14] 

[*33 *34 J 

for r *■ 2 (control torques applied to both bodies) 

;i-es) 

* r* °i 

[*33 Oj 

for control restricted to body 1 

(2-09) 

- r° h 

[o *34 J 

for control restricted to body 2 

(1-70) 


3.4.4 Third Ordor Obtarvart (p — 3) 

The equation for the linear observer of order one less than the system’s dimension corresponds to three 
of the four scalar state variables being inaccessible. It is represented here as equation (2-10). 

If the observer coefficient matrix is assumed to be diagonal in this case it appears as follows, 



0 

j-. 

“li 

0 



* 0 - 71 * 
\~ * */ 


Since the observer is of order 3, 


a 

F 


and, 


T 


• [*i,* 3 ,*aj r 

fll fl 3 /is /l4 

“ /31 /as /at /ae 

,/ai /aa /aa /ae. 


*n *13 *ia 
*31 *33 *38 *34 

.*81 *83 *88 *84. 


(2-72) 

(2-73) 


(2-74) 


The specific forms of che equations for generating the elements of T depend upon which three of the scalar 
states are inaccessible. For each inaccessible state the corresponding columns in th C and F matrices are 
null. 
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Suppose the scalar states, sj, «• ud 14, re pres s nti ng the angular nit of body 1 and the angular 
position and nit of body 2, art inaccessible. Than the aquation# for ganerating the elamania of the T 
matrix aaenme the following form vinca fa » /,-* — /,- 4 — 0 for t *• 1,2,3. 


Ui 

*< 4 

<rt 


*.*« 


A* 

_ °eaPi . 

dff (041P1 -b*aafidff +<?■•) f 

4, 



(2-75) 

(2-76) 

(2-77) 

(2-78) 


where pi and A( a are defined in equation# (2-23) and (2-24). 
From equation (2-11), 


<19 

<13 

<14 *3 

*1 — < 11*1 ' 

<99 

<93 

<94 *8 m 

#3 — < 31*1 

.<33 

<38 

< 84 . .*4 J 

#8 “< 81 * 1 . 


(2-79) 


where 93, x% and z 4 are synthesised state variables. 


Let A# 


where, 

(AaJ.j 


*/+i 


<19 <18 <14 

<99 <98 <94 

<39 <33 <34 


f 4 ® 


■<* A# without elements of ith row and jth column 


E(“i) ,+i ( Af )<jW"* I ) 

1=1 

As 


1,2,3 


For 93 , 93 and 94 inaccessible, it is assumed that: 


C 


F 

From F 
G 

From E 


-[1 0 0 0 ] 


hi 

0 

0 

0 

hi 

0 

0 

0 

hi 

0 

0 

0 


- GC, 


hi 

hi 

.hi. 


- TB, 


B 


» ■ 
<13 <14 

< 3 : <34 

.<33 < 34 . 


for r — 2 (control torques applied to both bodies) 


(2-80) 

(2-81) 

(2-82) 

(2-83) 

(2-84) 
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SECTION s 


vjrtlol'v »• i ■■ 

OF POOR QoALJ. • 


DEVELOPMENT OF THS THREE-BODY SINGLE- AXIS MODEL 
AND ITS REDUCED STATE LINEAR OBSERVERS 

Sa ORIGINAL DAMPED MODEL 

Th* ntatumi dynamics of the three-body single-axis model of i flexible ipuicnft with damping 
•how* in Fig. 5-1 may be rep r esen ted by the following Mi of equations; 


It ix m — oj (fli — ft) “ hj (ft — #a) + ft (3-1) 

1*8* m «i(^i — ^j) + ^(^1 — 0j) — 9i) + hj(0j — 0a) -fft (3-2) 

I$$t «“ -ca(ffa — fa) - hj(0a " ^i) + ?8 (3-3) 


where 

7, «■> rotational inertia of body »; t ■■1,2,3 
Bj *■ angular dislpacement of body i 
0,- ™ angular rate of body i 
ft- « torqae ap; lied to body t 

kj ■« rotational spring coefficient at interface j; / « 1,2 
cy * rotational dampoing coefficient at interface j 

3JA STATE VARIABLE MODEL 

Th*. state variable form of the three-body single-axis model of a flexible : pacecraft shown in Fig. 3-1 
may be repressed as follows: 

* - Ax + Bu (3-d) 

x* - Cx (3-5) 


where: 

x —{*1 *2 ••• x«] r «[ 0 1 0j 0 5 0*3 03 0 8 j 1 " m [xj xf ] r « state vector 

x K « m- vector of accessible scalar states 
X| « p-vector of inaccessible scalar states 



C •■» observation matrix of dimensions m x 6, m ■ 1,2,.. . ,5 (Minimum dimer -Ion of reduced order 
observer required «■ 6 — m). 

Partitioning of this model by rigid body results in the following forms for its coefficient matrices. 


■ 0 

1 

0 

0 

0 

0 

— *33 

-tfJIfl 

«a» 

«tsfi 

0 

0 

0 

0 

0 

1 

0 

0 

*41 

*41 ri 

*43 

*44 

*4C 

*43^3 

0 

0 

0 

0 

0 

1 

. 0 

0 

*es 

»03'3 

—*03 

-0«f3 


( 3 -*) 
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FIGURE S-l 


THREE-BODY SINGLE-AXIS MODEL WITH DAMPING 
AT BOTH INTERFACES 


<u 

«41 


«4t 

®44 


«»63 


B 


*L 

h 

jh 

h 

bL 

h 

~~ («41 + « 4 *) 

■“(041^1 +04*rj) 

*L 

h 

fi. : a i 9 

» » J *»* 

"i 

■0 0 

1 0 

0 0 

0 1 

0 0 

.0 . 0 
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3 (control torques applied to all three bodies) 


(3-7) 


(«) 


(3-9) 


The block diagram corresponding to this model is shown in Fig. 2-2. 

3.3 SEDUCED STATE LINXAJL OBSERVERS 
3.3.1 Introduction 

For the three-body single- axis model represented by equations (3-4) through (3-9), the minimum order of a 
reduced state linear observer required to generate the inaccessible states is p =» 0 — m (m =* 1 , 2, . . . , 5) . All 
of the reduced state linear observers for the three body model may be written in the form represented by 
equations (2-10) and (2-ll) where, in this case, the observer coefficient matrix, D, is assumed to be diagonal 
and of dimensions p x p. The corresponding observer weighting matrix is of the following form: 


r <11 ••• <is‘ 

T -h 

U*l ... **6- 

From equations (2-12), (3-9) and (3-10). 


E 


’*13 

•**2 


*14 

*M 


*16 

**6-1 


for r 


3 (control torques applied to all 3 bodies) 


(3-10) 


(3-U) 


F 


In 

... /is 

If,i 

Ipfi 


The corresponding observer block diagram appears in Fig 2-4. 


13-12) 
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from Lnsabvger (3~l), (5-2), (5-5) and Sag* (5-4) (ha equations for synthesixwg the reduced state 
obMrrers for the three-body single-axis model represented by equations (5-4) through ( 5 - 9 ) are given 
by equations (2-15) and (2-14). With coefideat matrices of the forms listed in 3.3.1 this set of observer 
synthesis equations reduces to the following forms: 


tit 


(/»: •bdrf/fa) ~ (^va)a.t (/ ■» + dffA'e) 4- (A*a) 81 (/,6 + dri/rs) 
[(•eiPl + < ff,)(q« a p 3 +d?) -f a^sPadf,] 


tit 


■(/a + div /fa) 


«4i?i (<*esPa + dfi) (fit + diifu) + oeaPa (As + dvAo) 

4» ' i n - ■ 

AS, 


* =* 


tie 


(Afo)i,a(/fi -HdfiAa) ~ (Aj-3) aa (Aa + da Ae) + (^3)3.3 (As + da fie,) 

^•3 

«aaPi(ae 3 Pa + d?,)(Ai 4 -d»Aa) + (oaaPi + #• ) (a« 3 pa + <ff.) ( A 3 + dj, f , 4 ) 

4 a 



( 3 - 13 ) 


( 3 - 14 ) 




(Afa)i,3(/fi + d»iAa) — (^(3)3.3 (A 3 + difu) + (^(3)3,3 (As 4 * difie) 




1 3 


<fi 


a?3a^sPiPa(/ii + dffAa) + «4<Pa(aa3Pi •fdj,)(A 3 + d,iA4) 

AS. 

[(° 23 Pl + d-,)(o44P3 f df { ) + 04iPid? ] (As + diifie) 

+ a;. 8 

dff | [(* 4 iPi + ^,)(a«nP 3 + dfi) + aeapad?,-] 

A'a 

aasridfi [(04# -r <*ea)pa + d ?-1 | 

+ a/ * (At + diiAa) + As 

«4id,f [(oespa + d-f ) (/ 18 + da Ae) + <* 63 Pa(A ’5 + da As)] 

+ A# 


( 3 - 15 ) 


( 3 - 18 ) 
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OMGIN&v. 

Of- POOR Q M 


4a 


(fit + dii/it) 


to 


* 

<k i («*api +d?,)(a«*pa +<#,) + 04i»*i da (aMpt + d?,) 

+ X i — - ■ i — — — — ■ 

*u*a4i(*3Jpi +<?,•)] 

+ £/ + dfi/1'4) + /i4 

•e»4r‘i |«41«5fi(>*l - fa) + (owPl + <£•)] 

+ - ^ — -rr " ■— ■■ ” * (/«8 + 

**»# 

««<4i [«38Pl(/ii +<fci/#a) + (<*33Pl + <^,)(/i'3 +4f«/.'4)] 

^3 

| a&rjdit f(a 3 3 + 041 )Pl + <*?,] 

+ ~ A!^ 

[(<*23Pl ^^?, )(043P3 +^?, ) + 04lPl^, j | 


a: 


(/16 + diift 6) + /18 


»3 


where: 


PJ 

diil 

dill 

dua 


A' 


<3 



■* 1 + r y4fi; j * 1,2 
* <*33 r l + dn 
m «4i**i + «4«ra + dn 


m a €9 r l + dii 

-(“38Pl + d?,) ®4lPl 0 

* <*23Pl ~ (<*41pl H-<*4SP3 +<$) <>63P2 

0 «*46 Pa — (a«3Pa + d?) 

" -(»aapi +d?,)(A(a) ltl -aaaPtlAjaJa,! 

* “ <& [(*28<*45 + ®33<*63 +04l063)piP3 

+ («38Pl + <*4iPl + <*46p3 + <*63Pa)«& + <#■] 


(3-17) 


(3-18) 


(3-8) 

(3-19) 

(3-20) 

(3-21) 

(3-22) 


(3-23) 


SJJ Comparison of T Matrices for Damping at Various Interfaces 

The observer synthesis equations for the three-body single- axis model with damping were compared 
with those for the same model without damping. A general form was developed for these equations that 
encompassed the synthesis of the elements of the observer T matrix for the following conditions with respect 
to damping in the model. 

1. No damping; 

2. Damping only at the interface between bodies 1 and 2; 


21 



ORIGINAL F, 

3. Dinpn only it the aUAw b ttw bo&i 2 ad 3; OF POOR QUALITY 

4. Damping at both interlaces. 

BHmiutka of damping at interface j of the model correspond* to setting rj » 0 and pj » 1 in the equations 
for generating the el emen ts of the T matrix with damping present at both interfaces, equations (3-13) through 
(3-33). If all damping is removed from the three body model, r, -* 0, p, -* 1, dm dm -* dm -*• du and 
A}* “d?,- [«a*<*4* + <*3s<*6* ■+• 04i<*63 + (oja + 041 + 04 *+ <*6i)djv + d?,J “ A,-*. 


*»3 


+d?) + «*»<& 

A,* 


(/«i + diifia) 


*.4 


^'6 


<*4i (<*ea + %) (/.a + dufu) + <*63 [fa + d» Ae) 

+ — A 1 

A,a 

<*23 (<*ea - 1 - d ,-.)(/ii + dft/ia) + (<*33 4 - <ff ,)(<*63 + <ff,)(/i3 -Fdfi/ie) 

A,a 

+fsl l £ M V«+*</«) 

<*aa<*4s(/ii +<fri7.a) +046 (<*23 + d?„)(/i3 + da fa) 

A, a 

<*33<*46 + (<*38 + <*41 + <*46 )dtf + dfi 1 

+ 1 : ^ [fa + da fa) 


A,a 


*«i 


dfi (<*41 + ffi ) (<*63 + <f?i) + <*46<f?i' 


A,* 


(/«i <f»* /• a ) + /i2 


t«l,2,...,p (3-24) 


*,a 


*»6 


<*41 dll (<*63 + d? ( ) (/i3 + dii fa) + <*63 [fit + di/ifi) 

A,3 

22 ^ ± ^(/,i + *./„) + M^±M2«+M u ., + + , 

‘Us^ii [g-ia(/ii +^i«/ia) + (om+^KA» +<ti/.<)j 
A,8 

dv [(<*33 + d?,)(<*45 + df,) + <*4id?,- 1 

H 7 '■(/it + dii/ifi) + /16 


t’4 


(3-25) 


(3-28) 


(3-27) 


(3-28) 


(3-29) 


The elements, t,i through t,e (» *■ 1, . . . , p), of the T matrix cf the linear observer of order p corresponding 
to this model with one or more inaccessible states were found to be affected by the addition of damping at 
the interface between bodies 1 and 2 as follows. 

1. The scalars, an and 041, were modified to ajapi and 041 pi , respectively, in the equations for generating 
ti’3, ti4i f,6 and t,e end in the denominators of the equations for generating t,i and f,3 where py was 
defined in equation (3-19). 
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1 la the sraeraior of tin equation fee Hunting t.i. (S-ll),tlu following changes otconi 

a. The tana, «*sri«?,(a 44 + aes + dj,) was added to the coefficient of fa where rj is defined in 
equation (3-8). 

b. The scalar, 041 , in the coefficient of fa was chanced to <mpi. 

3. In the namerator of the equation (or generating t,j, (3-17), the following changes occurred, 

a. The tom, onoesn^t was subtracted from the coefficient of [fn + d,,/,- 3 ). 
h. The tens, 041 ^<£( 04 * 4* df,-), was added to the coefficient of /,*. 

c. Each an in the coefficients of fn, /, j and /,e was mdified to o^sPi • 

<L The term, <m«ean^, > was added to the coefficient of (fn + <4i/,«). 

Addition of defwpmy at the interface between bodies 2 and 3 had the following effects. 

1 . The scalars, <1*5 and an, were modified to 045 pa and <*g3Pi, respectively, in the equations for generating 
t,i , t, j, f,' 4 and i(6 and the denominators of the equations for generating tn and tn where pj was defined 
in equation ( 3 - 19 ). 

2 . In the numerator of the equation for generating (,3, ( 3 - 17 ), the following changes occured. 

a. The term, was added to the coefficient of (fa -bdufa) where rj is defined in equation 

( 3 -»). 

b. Each a«3 in the coefficients of fa, /* 3 and fa was modified to anp^. 

c. The term, 046^^, (033 + df, ), was added to the coefficient of fn. 

d. The term, a^anfi^fi, was subtracted from the coefficient of (fn + d,,/, 6 ). 

3 . Tn the numerator of the equation for t lb , ( 3 - 18 ), the following changes occurred 

a. The term, a# 13^3(^(033 + 041 + d?), was added to the coefficient of fn. 

b. The scalar, 04s, in the coefficient of fn was changed to a^p?. 

Addition of damping at both the interface between bodies 1 and 2 and the interface between bodies 2 and 
3 had the following effects. 

1. The scalars, 033, 041, 044 and 043, were modified to 033Pi, 04iPi, 045^3 and 0*3 r 3 respectively, in the 
equations for generating (,3, (,4 and t,e and in the denominators of the equations for generating tn, 
t l3 and tn where pj are defined in equation ( 3 - 19 ). 

2. In the numerator of the equation for generating tn, ( 3 - 16 ), the following changes occurred. 

a. The term, a3 3 r 1 <f? 1(044 + <*es)P3 + d?j , was added to the coefficient of fa, where rj is defined 
in equation ( 3 - 8 ) and pj is defined in equation ( 3 - 19 ). 

b. The remaining scalars, 041, 044 and an, were modified to a+\p\, 046P3 and oeaps, respectively, 
with the exception of the 041 common to the coefficients of fn through fn- 

3 . In the numerator of the equation for gene, 'ting t,s, ( 3 - 17 ), the following changes occurred. 

a. The term, 033045^, ^3 - n), was added to the coefficient of (fa + diifn)- 

b. The terms, 04^1 d? (a«3P3 -f d?- ) and + djy), were added to the coefficient of fn- 

c. The term, a4i06 3 d?(r l - r 3 ), was added to the coefficient of (fn + <kifto)- 

<L The remaining scalars, 033 and 043, were modified to osspi and oesPi, respectively. 

4 . In the namerator of the equation for generating tn, ( 3 - 18 ), the following changes occurred. 

a. The term, 043 r 3^ [(033 041 )pi + d?-] , was added to the coefficient of fn- 

b. The remaining scalars, 333, 041, 345 and 343 were modified tc ai3pi, QiiPi, Z46P1 and 
respectively with the exception of the 044 common to the coefficients of fa, fn, fn and fn. 
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Inaccissibilhy of a tolar lUte variable in equation Mi (S-l), (3-2) la reflected by a corresponding null 
column in the observation matrix, C and, as implied by equation (2-11), in the F matrix for the generation 
of reduced order observers for the three-body modeL The number of inaccessible scalar states can be 1, 2, 
3, 4 or 5. 


L4J Tint Order Observers (p *»l) 

A first order observer is required when any one of the six scalar state variables of the three body model 
is inaccessible. The first order form of die linear observer equation is: 

i ■■ ds + Sn+Gy (3-30) 

The F and T matrices associated with a first order observer for the three body model then reduce to the 
following row forms. 

F -1/| h >3 /♦ h Uf (3-31) 

T “ [tl «a <3 *4 *S t«] r (3-32) 

The observer synthesis equations are then given by equation (3-13) through equation (3-23) with i =■ 1. 
Since a first order observer corresponds to one of the scalar state variables being inaccessible, one of the 
/, (»- 1 , 2 , 3 , 4 , 3 , 6 ) - 0 . 

Example 

Suppose that the scalar state representing the angular rate of body 3, is inaccessible. Then f% » 0 and 
the observer synthesis equations reduce to the following forms. 


(<*4iPi 'J-d a )(o«3P3 d-d 3 ) + <*4SPad 3 (/i+d/j) 

A's 

« 4 iPi [ (<* 68 Pa + d 3 ) (/a + d/ 4 ) + oeaPa/s 

+ AJ 

g 33 Pi(a«aPa + d 3 )(/i + d /a) + (aasPt + d a )(aeapa +<P)(fz -t»d/ 4 ) 

A'. 

aeapa(oa8Pi +<?)/& 

+ A'. 

gt 8 <MsPiPa(/i 4- d/ 3 ) + (oa»Pi + d 9 )a 4 »Pa(/»-f- d/ 4 ) 

^s 

[(oaaPi +d 3 )(<*46P3 +d*) + aeipjd 3 ] # 

+ A£ A 

d| [(oetPi +d 9 )(aeapa -f d 3 ) -bOiSPad 3 ! + Qaafid|(a4S + Qoa)Pa d^d 8 ] | 


(3-33) 


(3-34) 


(3-35) 


d/a) +/a 


<*41 d (a«3pa + d 3 ) (/a + d / 4 ) -f oeaPa/5 

+ _j 


(3-38) 
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*• * 1 (/» + d/ a ) 

4(***Pi + d*)(aetpj + <P) + a4tr l d(a w pa + d a ) + a 4 «rjd(«agpi +<P)| 

+ A £7 Hft + df. 4 ) + /* 


««<* - fa) + (oasPi + <P) 

+ S lfi 

«4*4<*iaPi(/i +^/a) + («a»Pi+<P)(/t+^/4) 


(8-37) 


d 06»fa^[(aaa + a4i)pi +<^| + [(aasPi +^)(o4fiPa +<P) + 041?!^] | 

+ a£ L/s 


(3-38) 


where: 


Pj *l + r ><* 

Ag » —<p [(<»38<»4« + <*33<*68 + «41<*«3)piP3 

+ (<*33Pl + <*4lPl + <*4«P3 + <*63Pa)^* + 


(3-39) 


(3-40) 


From equation (2-11) the synthesised scalar state, ig, is expressed in terms of the observer state variable, 
«, and the accessible scalar state variables as follows, 


** - rl'-H*' 1 '! 


(3-41) 


In this case, it is assumed that: 


where I* •« 5 x 5 identity matrix. 
From F » GC, 

G - [A h ft U ft] 


(3-43) 


(la (4 Is] for r » 3 (control torques applied to all three bodies) 

[la I 4 0 ] for control applied to bodies 1 and 2 

[la 0 0 ] for control applied to body 1 

(la 0 t*j for control applied to bodies 1 and 3 
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S*4JI O hi ic vw of Mw wdliU Order (p — 3, 3 or 4) 

In the nwi la which « aurawfiito number of tin six scalar tUin of th« three-body single- axis 
modal if «”»~ressiM* tha order of tha reduced state linear obatrver required to reconstruct thaae 

inaccessible state* it given by p. In each case the masher of null columns in the meaeuremeni or observation 
"*«t***i C, and the F matrix also is equal to p. The general forms of the X, F and T matrices are given 
in equations (3-10), (3-11) and (3-13) for p m 3, 3 or 4 where p repres en ts the number of inaccessible state 
variables of the modaL 

Example , 

Suppose the scalar states, sg and 3e, corresponding to tha angular position and rata, respectively, of body 
3, are maccesrible. Then /,» *■/,•* *• 0 for i ■■ l, 3 and the obeerver synthesis equations reduce to the form 
of equations (3-13) through (3-33) with fa «* /,-« ■» 0. Prom equation (3-11) the synthesised scalar states, 
i ( and is, are expressed in terms of the observer variables, *i and *a* and the accessible state variables as 
follows. 


A 

*6 


*6 


4 4 

(Aa)i,i(*i “ ~ (Aa)a,i(*a ~ 

£1 Jzl 

Aa 

4 4 

“(A*) lt a(*i “ 5Z*ij*j) + (Aa)a^»(*a - 

Izl J=* 

Aa 


where. 


Aa 



tie 

*m 


*i«*36 -*18*28 ^ 0 


sad (Aa) l(J - ** Aa without the elements of the i tk row and j th column. 
For xg and z« inaccessibis, it is assumed that: 


C 


It 


0 o‘ 
0 0 


where 1« m 4 x 4 identity matrix. 
From F * GC, 


F fu f \ a /is /lei 
[/ai In fa / 34 J 


From X » TB, 


X 

X 


*13 

taa 


*13 

*33 


*14 *isl 
*34 *36 j 

*14 0] 

*34 Oj 


for r <■» 3 (control torques applied to all three bodies) 


for control applied to bodies 1 and 3. 


f*l3 0 *16 

(*33 0 *36, 


(3-48) 


(3-49) 


(3-50) 


(3-51) 


(3-52) 


(3-53) 


(3-54) 


X 


for control applied to bodies 1 and 3. 


(3-55) 




for control ratrictod to body 1 . 
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(3-56) 


S>i4 fifth Ordur Otmmn (p ■» 5) 

An obeerver of at toast ordsr five is required when any five of the six scalar state variables of the three 
body models are i nacc e s s i ble. The observer synthesis equations are fiven in equations (3-13) through (3-23) 
with « * 1 , 2 ,... ,5. Since a fifth order observer corresponds to five of the six scalar states being inaccessible, 
fij ■ 0 for five of the sin valnas of the subscript, /. 

• Example 

Sappose that the scalar states, Zj, jg, x*, zg and z«, representinc the angular rate of body 1 and the 
angular dis pl ac emen ts and rates of bodies 2 and 3 are inaccessible. Then /,? ■ /,a — /,- 4 — /« — /,# — 0 for 
s* m 1,2,..., 5 and tho observer synthesis equations reduce to the form of equations (3-13) through (3-23) 
with only fn ^ 0. The synthesised scalar state variables, ij, is, .? 4 , zg and z« are expressed in terms of the 
observer vealar variables, si , S 3 , . . . , sg , and the accessible state variables, using equation ( 2 - 11 ) as follows: 

P-l) , ^ 1 (Ag) l> (s f — t,izi) 

foh-i - — 7 *- 1,2,.. .,5 (3-57) 


Ag 


<12 <13 <14 <16 <16 

• • • 

<22 : : • <26 

<32 : : : <&6 


<4* : : : <46 

<63 <68 <64 <66 <66 

* *ia(A*)l,l “*<22(Ag) a l +<32 (As) 3j1 -<43(Ag) 4fl +<62(Ag) 5i i 

where (Ag),^ *■ Ag without the elements of the row and j th column. 
For only zg accessible, it is assumed that: 


C - [l 0 0 


From F » GC, 


[•/ill 


J 31 

G » 

hi 


hi 


*/ 51 • 

From X » TB, 


0 0 0 ] 


X 


r<ia 


L <63 


<14 <18 1 


for r 


<64 <66 -1 


3 (control torques applied to all three bodies). 


(3-53) 


(3-59) 


(3-60) 


(3-61) 
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DEVELOPMENT OF THE FOUR-BODY SINGLE- AXIS MODEL 
AND ITS REDUCED STATE UNBAR OBSERVER 


4.1 ORIGINAL DAMPED MODEL 


Tit rotational dynamics of tha four-body single- axis model of a flexible spacecraft with damping shown 


in Fig. 4-1 may bt re present ed fay tht following sot of equations. 

■* -ci (^i - h) - hi (9\ - $o) + ft (4-1) 

— ci (^i — + hj (0i — 0s) + ej (0s — 0j) + hj (0a — 0a) + ft (4-2) 

hh ~ e*(^a — ^a) + ha(^a ~^s) + ca(^4 — ^a) + hs(04 — ^8) + ft (4-3) 

I»04 — — ca (04 — ^a) — ha (04 — 0a) + ft (4-4) 


where: 

/, — rotational inertia of body t; » — 1,2,3, 4 
0, — angular displacement of body i 
0,- — angular rate of body * 

9 — torque applied to body * 

kj — rotational spring coefficient at interface /; / — 1,2,3 

Cj — rotational damping coefficient at interface / 


A3 STATE VARIABLE MODEL 

The state variable form of the four-body single-axis model of a flexible spacecraft depicted in Fig. 4-1 
was written in the following form. 

x — Ax + Bu (4-5) 

*a - Cx (4-4) 

where: 


x »[*1 *s] r *(0i 01 0 9 0*3 03 03 04 0 4 ] r -[*r X, r ] r - state vector 

x A — p vector of accessible scalar states 
X, »m vector of inaccessible scalar states 

u »[ui ••• «*>] r -[y“ j~] (r-l,2,3or4) 

C — m x 8 measurement or observation matrix 
Partitioning of this model by rigid body yields the following forme for its coefficient matrices: 



• 0 

1 

0 

0 

0 

0 

0 

0 


-O 33 

-03Sfl 

038 

038fl 

0 

0 

0 

0 


0 

0 

0 

1 

0 

0 

0 

0 


<*41 

<*41 T\ 

<*48 

<*44 

<*44 

<*46 r 3 

0 

0 


0 

0 

0 

0 

0 

1 

0 

0 


0 

0 

<*os 

<*e»n 

<*66 

*66 

*07 

<*0778 


0 

0 

0 

0 

0 

0 

0 

1 


0 

0 

0 

0 

<*ss 

<*«$73 

— 0*8 

-<* S 673 


(4-7) 
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FIGURE 4-1 

FOUR-BODY SINGLE-AXIS MODEL WITH DAMPING AT ALL 
THREE INTERFACES 

M 
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ro 0 0 0*] 

10 0 0 



0 

0 


for r 


0 

0 


4 


0 0 0 0 

[,0 0 0 ij 


(4-8) 


033 

*i 

/i 



<*41 

“/a’ 

Aj 

*“ ‘ V 

048 (041+O46), 

043 

*3 

a«r « “(aos + asr)* 

a«s « “(aes +047), 

«e« 

A, 

~U 



*7 1 

m iL 

A; 

J- 1,2,3 



The corresponding block diagram appears in Fig. 2-2. 


®44 “ — + ®48 r a) 
®44 « — (o«a'3 + <^, 7 r %) 


(4-9) 


(4-10) 


43 REDUCED STAT* UNTAJl OBSXBVX&S 
43.1 Introdaetion 

The minirrmm order of a reduced state linear observer required to reconstruct the 8 — m inaccessible 
scalar state variables of the four body single axis model of a flexible spacecraft represented by equations 
(4-8) through (4-10) is p ■■ 8 — m where m ■> 1,2, 3, 4, 5,0 or 7. All of the reduced state linear observers 
for this four body model may be written in the form of equations (2-10) and (2-1 1) under the assumption 
that the observer coefficient matrix, D, is diagonal and of dimensions pxp. The corresponding observer 
w eighting matrix is of the following form. 


“til ... ti« ' 

T - • 

■<M ••• <M- 

From equations (2-12), (4-8) and (4-11). 


(4-11) 


<13 

<14 

<te 

<14 

<M 

<M 

PM 

PM 

At 

... 

As* 


/fc» 

• s • 

/m. 



(4-12) 


(4-13) 


30 



The c o ereepoadhg obeerrer Mo <h diagram typon in 7%. 3-4. 


ORiGsNAL h 1 ', ' \ w < 

OF POOR QUALITY 


44 J Obeerrer SyoUtadf Equation* 

from Laeoberger (4-1), (4-9), (4-3) and 2ege (4-4) the tqu^ou for eyutheeiiiag the reduced state 
Emit obeerrer* for the four-body ring i*»an* model wpreeeated by equation* (4-5) through (4-10) are given 
by equations (3-13) and (3-14). Whb coefficient matriee* of the form lifted in 4.3.1 this set of observer 
fyntbenfo equation* reduc e * to the fdknring. 

( A rt)i.i (At + Mu) - (AjJa.i (fa + i./.e) 4 (^ 4 ) 1.1 (A* + 4*7.4) 

L a *-£T 

(^4)4.1 (Ar+ 4 rA*) 

{<*4*a**P3 (°*«P» + <^f) 

(«4iPi + «4#P3 +d?) [(«*apa +d?,)(aispa + <#) + a« 7 pjd?] | (/,i + 4. /.a) 

Aj 


«4tPi [(aeeP a 4- d?,)(o*«P» + <fl ) -I- <H7 P»d?,] (A t + 4.7.4) 

«4i<*«aPtPa (o**Pa + d?)(/i5 + 4 , 7 i«) + a«tPa(/iT + 4 . 7 .*) 

— L *- l,2,...,p 

*#4 

(^*4)1.2 (At + 4 . 7 «a) ~ (^4)3.2 (A* + 4»A4) + (^4)2,3 (As + 4 . 7 *«) 



(^4)4.3 (/ .T + 4. /. « ) 

A'4 

[(oeaPa + d? )(<>up* + <?,) + <>«7p3d?] 03a Pi (/.i + 4.7 i 9) + (<*33 + d?, )(/,3 + 4. As)] 

r i 

(<»9«Pi +d/,)a«*P3 [(o**P» + d?,)(/.4 + 4.7.*) + «*sP»(A7 + 4»Ai)j 


(4-14) 


(4-15) 


^l‘6 


(^.' 4 )i,a(Ai + 4i/ia) ~ (A^ 4 ) a< 3 (/i 3 4- 4 . 7 . 4 ) + (^, 4 ) 3 ^ (At + 4i7.e) 


_ (^ 4 ) 4.3 (Ar + 4. A«) 


A!- 


•4 


A} 4 


*4*P3(«*«P* + d?,) ojipi (fn + 4,Aa) + («a»Pi + d?,)(Ai + 4. A' 4 ) 

44 

[(<*aiPi + d? 1 )(a 4 *Pa + d? ( ) + <» 4 ipid?,] [(<*««P» + <&)(/,* + 4.7.*) 
**iPt(A7 + 4.A*) 

+ A* L 


(4-13) 
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6 - 


(^4)1.4 CAl +*uli%) - (^ 4 )) >4 (A» + dnln) + (AyJ r4 (/,’» 4 - 4 . 7 , «) 

a { 4 

(^4)4^ (/tr + 4 ff/«) 

A* 


»a««7pip» 


f<HtPi (/a 4- 4w /ra) -f («»iPi 4-<^)(Ai +^ 1 / 14 )] 


^4 


^•rpt |(®t«Pi + <^,)(«4*P3 + dft) +«4iPi^] (/•« + 

' 

|^lr [«4iPi (««aP* + Htt* + tfi) + sstPa^j 

* , 

(®aaP» + <^,)(o 44 Pi + ^)( fl 4 Tp> + tfi) + a S t oeapi Pa j (/ .7 - 4 - 4 . /.•» ) 


a: 


•4 


til - ~ 


| [(<Ha 7 i + <fo)(<» 48 pa + « 4 i<foj °«aP 3 + ^?,)( a «*Pa 

°«TP»<^] ~ 04 »« 4 aP?(<*«Pa + <#,-) }(/«i + Av/ra) 

+ — zr +'" 

I +<$K a MP» + ^?i) + a *7P3^, j(/(9 + 

A ' 4 l 

°«JP3 («li P% + <^?,) (/i« + ^i/.b) + 0«a«*SP3Pa (/|7 + /it) J 


a ;-4 




(4-17) 


(4-18) 


«aa I [<*45( f i ~ r a) - <4v ] [(<*4>Pa + ^?,)(otsp* -t- <#) + a47Pa^?, 

a; * > 

«4»0«P3 (a«6Pl + <^?,-)( r l - r j) r(/il + <Ws’a) 

| [(*aaPl + <^)(*4*73 + ifi) + «41 f l^?,] [(®n»P3 “ <^,)( a MPa + <$,) 

4«7Pl<^ l ] — a 4t a 4tP3* > 3 ( a 3lPl + <^, )(«t6Pt + ^?, ) f (/*'• + 

+ ~ % +/,< , 
«4 *dii |«j*Pi +a 41 ^,(ri -r 3 ) +</f ( j |(a, 6 pt + a?,)(/.t +<4.7i«) +«ttPt(/i7 + da fit) j 

+ A» 


(4-19) 
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*.« 


f 0 — P» 4ae7dtf ( r t — f a) 4 ifi QmPi (fn +diifa) 4 (<»»«Pi 4 d ?)(/,3 4 

’ f * 

<4| j (<*wPl 4 rfi) (<k»Pi 4 <&, ) (<H6 Ps 4 avrrtdii + <P H ) 

4 — 

^4 

4f* jj«i8Pi 4o4iPi 4 ^uJoeafj +04iPt<Ai] («•«; Ps 4d?,-) 4o67r 3 d?,- j(/,5 +4f»/f«) 
«m< 4. J 4fi [«3»a«spj (r 3 - n) 4 0*3(73 - r 9 )(a 4 ip 1 4 d? f ) - a^pid,-,] 


+/«• 




(a 38 pi 4 «lf, )(rt4«pa 4 d?,) 




^4 


t%7 * 


a«7^i |o46P5 [o 2 3Pi(/.i 4 diifil) 4 (ojsPi 4<#)(/.3 4 <4, 7.4)] 

“f4 

[(oaapi 4 <ff,)(a46P3 4 d?) 4 Q-nPtd?] (/.s 4 d,y/ l6 ) j 

4fi | f(a«7P3 4ag5f 3 <4, 4 <^ I )(a 33 p 1 4 flft)(a 46 P 2 4 d?) 

A^ 

®41<*67«86?1P8»’34iV 4 <4v 033063PlP3 4 041<*63?lP3 

+ 1 J 


where: 


341067P1P3 4(04ifi 4ae 3 p3)d? | ] j (/,7 4 d,,/.g) 


4 fit 


Pj 

<4il 

d|.3 

<4.3 

<4v4 


J- 1,2,3 

* * l,2,...,p j » 1,2,3 


a; 


,4 


£i 

V 

14r;d,v, 

03371 4 <4. 

«4l7l 4 04573 4 <4v 
04373 4 04773 4 da 
0*573 4 d,y 

— (038P1 4 d?,) 041P1 0 0 

033P1 ■"(041P1 4 045P3 4 d?,) 043 P3 0 

0 « 4 *P 3 "* (040P3 4 047 P 3 4 d?, ) O35P3 

0 0 O47P3 — (og5P3 4^,) 

dfi ^( 03*045047 4 033045035 4 033043035 4 041 043035 )piP 3 P 3 
4 ( 038 O 45 P 1 P 3 4 2 o 3 s 043 pip 3 4 203304 ^ pa 42 a 3 3 ag 6 Pip 3 4 2 o 4 xa* 3 pxP 3 
4 204 1 047 Pip 3 4 204 x 0 s 5 PiP 3 4 O 45 O 43 P* 4 2 O 45 C 47 P 3 P 3 4 20450 *SP 3 P 3 
4 043086 P 3 P 3 )^,- 4 2 (aj 3 px 4 0 «xPx 4 O 45 P 3 4 043 P 3 4 O 47 P 3 4 OgdPaJd?,- 4 2d?,-] 


(4-20) 


(4-21) 

(4-22) 

(4-23) 

(4-24) 

(4-25) 

(4-28) 

(4-27) 


(4-28) 


4.3.3 Companion of T Matrieei Fhr Elimination of Damping at Various Interfaces 

Elimination of dancing at interface j of the model corresponds to setting rj =** 0 and pj = 1 in the 


33 



ORIGINAL PAGE 13 
OF. POOR QUALITY 

tqutioM for generating the s hn— to of tha T matrix, equations (4-14) through (4-29). The following 
damping conditions have been treated for this set of equations. 

1. Damping eliminated at the interface between bodies 1 and 2; 

2. Damping eliminated at the interface between bodies 2 and 3; 

3. Damping eliminated at the interface between bodies 3 and 4; 

4. Damping eliminated at the 'interfaces between bodies 2, 3 and 4; 

5. Damping eliminated at the interfaces between bodies 1 and 2, and 3 and 4. 

8. Damping eliminated at the interfaces between bodies 1, 2 and 3; 

7. Damping eliminated from all interfaces. 

Example! All interface damping eliminated. 

If damping is removed from all three interfaces of the four body model, ry — * 0 , py -* 1 , d,-, i -* d,,- , d ,- l3 — ► d ,, , 
dm —*■ da, dm dif and 


A* ~ * <& [ a 33 <* 46*«7 + * 33 <* 46<*«5 + 0530830*5 + a^o^ogs 

+ (* 33*46 + 2 * 33*63 + 2033087 + 2033035 + 2 a 41 a ^ 3 2 041 087 

+ 2*41 O35 + 045083 + 204505; + 2045035 + 083035 )<$• 

+ 2(033 .* «4i + O45 + 083 + 067 + *86 )<$ + d-l s» A,.i 


t ,'3 


j*46*«3(<*85 + <£) - (o 4i + 045 + d?) |(a63 + d?,)(o86 + <#) + 067^-] | (/, 1 + dj./.j) 


A, 4 


*41 (<*«3 + ) (*85 + <$i ) + 087 <^ ( (/i ‘3 + dtV/rt) 


••4 


041*83 (<*86 + d?i)(/i 6 + dii/i’e) + *86 (/ i 7 + dn/.s) 
A .4 


* =* 1 , 2 , ...,p 


( 4 - 29 ) 


t ,4 


(*63 + «$)(*•; + <ff t ) +*« 7 <ff t j *33 [Six + dtv/tt) + (033 + d ?,)(/,3 + <£1/14) 


A .4 


(*38 + d ?,)<*«3 (<*86 + dtf )(/,6 + d|i7ie) + 086 (/f 7 + dfi/is) 

A .4 


( 4 - 30 ) 


<* 46 (*I 6 + df,) * 33 (/il + dri/13) + (*33 + d?i)(/i 3 + diifn) 

u ‘ 


(033 + d?i)(*48 + d? ( ) 4- *4id?,) + o 4 id4 (035 + d?,)(/,5 + dfi/.e) f Qssi/iT + da Jit) 


A ,4 


( 4 - 31 ) 
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+<fo/i’a) + («*« + +4 m/i<») 



+ «45 + <ft)[(<*«3 + tfi){<H6 + dfi) + <*67<#] 

<*45063 (<*36 +<?,) H/il +4rt/ia) 

+ f i2 

A,4 

<*41<ii | [{<*«3 + 4,)(<**5 + <*?.) + <*67<^,] (/ 1'3 + 4ri/.4j 

A 14 

<*63 (<*36 + <&) (/*« + diifit) + <*«3<*i5(/i7 + <W.») f 

I ■ 



( 4 - 32 ) 


( 4 - 33 ) 


( 4 - 34 ) 
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+ rfj) [«»(/a +di>f(i) + («** + <HA> + dii/i i}} 

A#4 

4f« [fos +<ff,)(a4«+d?,)(ots -f Jfj ) - a4i^,(<H« + ff,)| (/fa 4 4ff/«) 

A«4 

+ («Jf + <?| ) (*4« 4* <&)] (/f7 + dii/it) 

A,4 

*67df» I &u [<*3» (/• i + dy/.j) + (<*** + )(/»• + ^v/U)] 

*tT — * T 

A,'4 

[(<*M + d?-) («4S + <ffi) + «41 <&] (fit + d ifit) | 

A,4 

daUan +<^,)(°4« +<?,)(o«t + 4) 

+ ~ 

4fi [<*taO« + 041069 + 041067 + («4l 4* <*6*)f If ] | (/i'7 + d,y/,») 


+ fit 


(4-M) 


A,4 


(4-38) 


4.4 SOLUTION FOR SYNTHESIZED STATE VARIABLES 

4.4.1 Introduction 

Inaccessibility of a scalar state variable in tbe model equations (4-5), (4- *) is reflected by a corre- 
sponding noil column in tbe C and F matrices as implied in equation (2-14). For the generation of reduced 
state observers for the four body model the number of inaccessible state variables, p, can be 1, 2. 3, 4, 5, 8 
or 7. 

4.4.2 First Order Observers (p » 1} 

An observer of order at least one is required when only one of the eight scalar state variables of the 
four body model is inaccessible. The first order form of the linear observer equation is as follows: 

i »■ d* + Eu + Gy (4—37) 

The F and T matrices associated with a first ordor observer for the four body model then reduce to the 
following row forms. 

F «(/i h ... ft] (4-38) 

T * [ti h ••• t.J (4-39) 

The observer synthesis equations are then of the form of equations (4-14) through (4-28) with t * 1. 
Since a first order observer corresponds to one of the scalar state variables being inaccessible, one of the 
Si (*-l,2,...,8)-0. 

Example 
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Suppose the scalar itate nfunMof the angular rat* of body 4, a* is inaccessible. Then f% m 0 and 
th* observer synthesis equations reduce to the form of equations (4-14) through (4-28) with fit *■ 0 and 
* " 1. From equation (2-11), the synthesis td scalar stats, d>, is expressed in terms of the scalar observer 
vsriabb, i, and th* accessible scalar state variables as follows. 


*•*£■[* “£*•*•) 


i'=i 


For zg inaccessible, it is assumed that: 

I o* 


where I 7 =* 7 x 7 identity matrix. 
From F=GC, 


G =* \h ft /a / 4 A A A] 

From S =* TB, 

E » [fa f< A A] for r = 4 (control torques on all 4 bodies) 


(4-40) 


(4-41) 


(4-42) 


(4-43) 


4.4~3 Observers of Intermediate Order (p =■ 2, 3, 4, 5 or 4) 

For those cases in which an intermediate number of the eight scalar states of the four-body single- axis 
model is inaccessible, the minimnm order of the reduced state linear observer required to reconstruct these 
inaccessible states is given by p. In each case the number of null columns m the measurement or observation 
matrix, C, and the F matrix also is equal to p. The general forms of the E, F and T matrices are given 
in equations (4-11), (4-12) and (4-13) for p =2, 3, 4, 5 or 6 where p represents the number of inaccessible 
scalar state variables of the model. 

Example 

Suppose the scalar states, 27 and zg , which represent the angular position and rate of body 4, are inaccessible. 
Then fa » fa » 0 for i =»1, 2 and the observer synthesis equations reduce to the form of equations (4-14) 
through (4-28) with the preceding conditions. From equation (2-11) the synthesised scalar states, £7 end 
zg, are expressed in terms of the scalar observer variables, t and z? and the accessiable scalar state variables 
as follows. 


2(- 1 ) , ' +l (M', 1 (* ~ £ *0 * 3 ) 
y=i 


1=1 


A? 


for 


*§ 


Aa 


£(-ir‘(A,) I)a (s,- — 

>=i 


1=1 


fl7 f is 
fa 7 fas 


Aa 


fi7fas — ti8fa7 T 6 0 


(4-44) 


(4-45) 


(4-46) 
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*fc*n (Aj), j • As without the «Ummt» of (hi % tk raw sad /** column. 
For or and at inaccessible, it it attuned that: 

| 0 0 

u I : i 

I o °J 

where It » 6 x 6 identity matrix. 


E 

S 

E 


-GC, 




,f/n 

fli 

\ 

fit 

/l4 

L/ji 

hi 

fit 

ft* 

-TB, 





*14 

*16 

*is] 

L*aa 

*24 

*26 

*2S J 

» r«» 

*14 

*16 

°1 

L*23 

*34 

*36 

Oj 

_ f*i3 

*14 

0 0 

:]'■ 

L*32 

*34 

0 0 

as F* 13 

0 0 

•1 

for 

1*23 

0 0 

°J 


(4-47) 


(4-48) 


(4-49) 


(4-50) 

(4-51) 

(4-52) 


4.4.4 Seventh Order Observers (p » 7) 

When any seven of the eight scalar state variables of the four body model are inaccessible, a linear 
observer of at least order seven is required. The observer synthesis equations are as presented in equations 
(4-14) through (4-28) with » ■» 1,2,... ,7. Since a seventh order observer corresponds to seven of the scalar 
states being inaccessible, /ij * hj * •• • *■ hj =* 0 for seven of the eight values of the subscript, j. 

Example 

Suppose only the scalar state variable representing the angular position of body 1 , x\, is accessible. Then 
the remaining scalar states, 2 ? , zg , . . . , zg are inaccessible, jii “ fit “ ... = fit =» 0 for i =1, 2, 3, 4, 5, 
6 and 7 and the observer synthesis equations reduce to the form of equations (4-14) through (4-28) with 
fit * fa m ... ™ fa " 0 and * » 1 , 2 ,.. .,7. The synthesized scalar state variables, z% through ig, are 
expressed in terms of the observer variables, *i through * 7 , and the accessible state variable, z\, by utilizing 
equation ( 2 - 11 ) in the following form. 

£(- 1 ) H ’ 1 (At),,*(*.--«.-|*i) 

*k+i ™ ” — A i * 1,2,... ,7 


A 7 


*13 ••• tig 

s ! ! 

* 73 • • ■ ht 

_ <n(A7) M +I|>(A7), 1 , -e,,(A7) v 


(4-53) 
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+ m(At) I 4 -tufAr)^ +tra(A7) Tf i 

where (Ar)fj ™ At, without the elements of the «** row and the j* k column. 
For only *1 acceaaible, it ia aavomad that: 


C -(1 0 0 0 0 0 0 0] 
From F ■ GC, 

G - 

From E » TB, 


hi 

L 


E 


•tii 

-*73 


*14 *16 



for r 


*74 *76 *78 J 


4 (control torques applied to all four bodies) 


(4-W) 


(4-M) 


(4-50) 


(4-57) 
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MOTION 8 

DEVELOPMENT OF THE FIVE-BODY SINGLE AXIS MODEL AND ITS 
REDUCED STATE LINE AS. OBSERVERS 


8a ORIGINAL DAMPED MODEL 

la earlier work, Guidance Systems Division (5-1), it vai shown that on* axis of th« three- axis five-body 
approximation of a prototype flexible spacecraft can be decoupled from the other two axes. The four-body 
single- axis models of a flexible spacecraft developed in the previous section were therefore extended to 
corresponding five body models to represent the decoupled axis of the three-axis five-body model. 

The rotational dynamics of the five-body single- axis model of a flexible spacecraft with damp in g shown 
in Fig. 5-1 may be represented by the following set of equations. 


hh » - 0a) - (0i - h) + <h (5-1) 

Ii9«~* ci (0i — 0j) + Ai(0i — 9i) + cj($9 — fa) -4- — 0j) + 9a (5-2) 

Ja03 “ ca(0j - 0a) + ^j(0a ” 0s) +ca(^4 — 0a) + 1^(^4 — ^3) + qa (5-3) 

Ufi. 4» Ca(03 — 0«) + *a(03 — 04) +C4(0» — 0e) + ki(^5 — ^4) +?4 (5-4) 

hh “ C4 (9 4 — 9$) + k»(04 — 0s) + ?s (5-5) 


where: 


U =■ rotational inertia of body t, t a 1,2,... ,5 
0i » angular displacement of body % 

0i =■ angular rate of body * 
qi » torque applied to body * 

hj *» rotational spring coefficient at interface 3 3 * 1,2, 3,4 

Cj a* rotational damping coefficient at interface 3 


5.2 STATE VARIABLE MODEL 

The state variable form of the five-body single-axis model of a flexible spacecraft depicted in F*.g. 5-1 
was written in the following form. 


x — Ax 4- Bn (5-5) 

x A - Cx (5-7) 

where: 

X »[*1 *10 ] r “[xjT *i r ] r "[0i 01 03 03 03 03 04 04 0s 0s ] r * state vector 

X A m m vector of accessible scalar states 
x t * p vector of inaccessible scalar states 

u -[«! ••• «r] T *[|j' r ™ 1,2,. ..,5 

C « m x 10 measurement or observation matrix. 
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FIGURE 6-1 

FIVE-BODY SINGLE- AXIS MODEL WITH DAMPING AT ALL 
FOUR INTERFACES 
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0 

0 
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<»33 

"a 










<*41 

*1 

“V 

<*43 ■ 

*3 

V 


<*48 

"* “ {<*41 + <*4s)» 

<*44 » 

— (<*4171 + <*4573) 

»ea 

"/a’ 

<*«7 - 

-(<*ea +<*«7)i 

<*48 

" ~(<*63 +<*«7), 

<*66 “ 

— (<*6373 + <*67»3J 

(S-9) 

3*6 

A 

“a 

<*ao 

*4 

A’ 


<*S7 

• —(<*85 + <*8o)» 

<*8S ■* 

— (<*8673 +<*8074) 


110,7 * 7T 


Ci 


fj ■ /“l, 2, 3,4 
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(5-10) 


0 

0 

0 

1 

0 

0 

0 

0 

0 

0 


c 

0 

0 

0 

0 

1 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

1 

0 

0 


01 

0 

0 

0 

0 

0 

0 

0 

0 

l 


for r * 5 


(5-11) 


5.5 REDUCED STATE LINEAR OBSERVERS 
5.3.1 Introduction 

The minisrain order of a reduced state linear observer required to reconstruct the 10 - m inaccessible 
scalar state variables of the five-body single-axis model of a flexible spacecraft represented by equations (5-5) 
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(brooch ($-10) is p «■ 10 — m when m » 1, 2,3, 4,8, 6, 7, 9 or 0. All of the reduced statt linear obumn 
for this fir* body model may b« written in (ho form of equations (2-10) and (2-11) under the assumption 
that the observer coefficient matrix, D, is diagonal and of dirrwnsions p x p. The corresponding observer 
weighting matrix is of the following form 


(5-12) 


T * 


<u 


<1,10 


l**i "• **ioJ 


from equations (2-12), (5-10) and (5-11), 


*13 

*14 

*l« 

*is *i,:o 

.**a 

**4 

**• 

**» **io . 

7u 

... 

/l,I0 


7*i 

... 

/*io. 



The corresponding block diagram appears in Fig. 2-4. 


(5-13) 


(5-14) 


5JJ Observer Synthesis Equations 

from Luenberger (5-2), (5-3) and (5-4) and Sage (5-5) the equations for synthesizing the reduced state 
linear observers for the five-body single-axis model represented by equations (5-4) through (5-10) are given 
by equations (2-13) and (2-14). With coefficient matrices of the form listed in 5.3.1 this set of equations for 
generating the elements of the T matrix reduces to the following. 


*/a 


\ [aeiflesPiPa + -4i«*«7PiP8 +<»4sa«7paP3 + (®eiPi +«46Pa +«eaPa +«67p3)d? ( +<£ 

— 


<*33<*4SPlP3Aj 8 

a«7«g8P3 (°4iPi + <*46 Pa + dfj) (aio,7P4 + d?) j 


A5a 


(/a +d,i/,a) 


+ <»4l 


(aeapa 4- a«7P3 4- d-,)(A' 5 ) 13 

o«7ai6Pi Pa (®i o,7P4 4* d? f ) 

033 a 4«PaA'j 



(/■'a + d,'i/i4) 


2525^),,. , , 

ojao^A-j 

4* — ™ [(a 10> 7P4 + <*?,-) (/rr + dfi/is) +aio,7P4(/i'o + d,»/,icjiJ; » ™ 1,2,. ..,p (5-15) 


*14 


(aesPa -fae7P3 -fd^^Alg), 3 ao 7 a«sP^(aio.7P4 -f d?, ) 


a; 


aasa4»PiPaAj B 

x [ffl38Pi(/ii +d,t/,a) 4 (asapi 4- d?,)(/,a -P <A«/*4)| 4- aja^aPiA' — ^ ^'7i«) 

4- - a - - -- -^ / a33Pl ^ ^ |(aio, 7 P 4 + <*?,■)(/, 7 4 diija) + aio, 7 p 4 (/n» 4 <£i/iio)] (5-18) 
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+4ff/«) +(o»tPi +4r)(/n +4 v/m) ] 


+ 


<*M«4SO«iOlO,7PlPaP»P4^ 


~(/l» + 

iS 


awrpA&tl [\ a 10,TP4 + + 4 y/i«) + <*1O,7P4(/|0 + 4k/u«)] 


(fr-17) 


*» ■ 1 * 48fl€7p,p, |® 10 * 7P4 + Sl ) [a MPl (/ fl + 4,7,3) + (ajjpi + <£)(/,« + 4 h/i‘ 4)] 


^(A'sJ.jfoiO^ + <£) 


{fit + fa fit) 


»«*OlO I 7P4A' 8 

(flwPa 4- <j«7P» + <?, ) (A', 8 ) M (a a ,p t + )a 4 8 a g3 pj 
<*•«<* 10, 7P?P4AJ 8 A! 


‘18 


x [(»15,7P4 + <#)(/« 7 + diifit) + aiO,7P4(/i0 + <Wilo)| 


( 5 - 18 ) 


®45®«73»«P3P8P4 [®38Pl (/.l + &/13) + (°38Pl +^, )(/i3 +<4' . /«■»)] 

*•'10 L r; L 


- u 


«88®10,7A,- 8 

+ 0w (°MP3 4- g«7Pa + < ^V)(^-s)s.a _ (oasPi + <ff. ^soeaPsP* 

* ®88®io,7P8AJ 8 A'-, 


(fir + diifit ? 


{ 


|a«3«l6P3P3 +O«3a80P3P4 + a«7ai0P3P4 + (o«8P3 + ®«7P3 +O88P8 +<*8Bp4)^, + <& 


<*«8Ol0,7P8P4A (5 


(as,) 


(<*38Pl + <tfi )®48®«8P2( a ?SP3 + ^«0P4 + <ft) 1 

— | (/ | 8 + 4 , /, 


10 ) 


15)8,3 


( 5 - 19 ) 


I" | 4$ (^lPi 4- dfj)(ataPt + ®«7P8 4- <ff,) + ®48Pa(®«7p8 4- <ff,) 

11 h «38«48PlPaAj 8 


«3l'l 0*IP3^, + (®46P3 + <^,)(®«7p8 +<%,) | ' 

+ ®33®48 PlP3 Aj 6 J 

®«7»86Pa(®10,7P4 +^?,) Un(®41pl + ®46P3 + «&) + ®38n (®4SP3 + ^, )ll 

— ^ I (fi\ + diifit) 
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— (ait.TPt + [fit + dfiju) 

+ ««Pi ( AJ*) m [fit + bit it) 

+<»M« 4 *«Ma»»p 1 PjP| [(«J9,7P4 + <tfi)(/i7 + diifit) + «I0,7J>4 (/i9 + <* j /iio)] } (5-20) 




| [« 4 «(^i - t») + 4 r>] («htp» 4 - <${) + <mpa 4 » j(Ak ) 1>8 


« 4 *FiPjAJ, 


<*33®47®ttp2(®10,7P4 + ^?,) [<*4s(n - rj) - <4, j 


A}. 


it 


[fix + 4.7j) 


j(a«7Pa + 4ji)[(°atPi + <ff,)(34t f a 4- <fri) + <»4i7i<ff, j 


«aa<*4iPiPaA(j 


a&dun (ajjpi 4- 041^1 


a ^m) |(A^)i,a 


«33<*4tPiPaAj 4 
<*«7««8P3(oiO f 7P4 + <#,) [(«33Pl + <*?,)(« 46^3 + d,,) + 


a; 


(/i 3 + d,i/n) 


it 


+ /i4 


<*ea <Ai «aiPi +«4i4ri(n -fa) + ^?i (A'j)j 3 

+ a»nmr,q. H/, ‘ +<fciji,i 

{ <HsPai- [a^ipi (<Utfi +4i) + ^,4;a I f a(^s)».a 1 

A'g «10,7P4A-g j 

x |(<*10,7P4 + <fff)(/i‘7 + diifit) + «10,7P4(/i9 + <0i7*lo)j 


(5-21) 


45 

t 
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m f rfa "*») ( A f*)i t « auQt7*u ? t{ai9.m+<Ifi){ri -r») ) 

\ A}, J 

* [®wpi {fa + 4f/<a) + (a«tpi + <^)(/.» + 4.7.4)] 

- n°* lPl +^) q w f »( A ?i)i.i i "«( A a)i.i( A ?«)t.i 

[ •wPiAj, «4#*aa*«aio t rPiPaPiP4A' a 


a«7»t(au,7p4 
~ 


(/.'• + 4 . 7 .«) + /.« 


«n,rP4Af, 

[<{,7 ~r») (A( t ), ta fl4fawatipa(o»tpi -f d?,7(r a -f>) ) 

aio,7P»p4A;, A', j 

* [(»I 0 , 7 P 4 - 4 v )(/»7 + 4 . 7 . i) + « 10 , 7 P 4 (/.a + 4 . 7 . 10 )] 


*.7 


{rj(Ajj), , °4*PaPt <#4.4 + °10,7P4 (®|j73 + 4 . ) 
«taPtA{| + a;, j 

x [«3«Pl(/il + 4 . 7 .a) + (°33pl + <#)(/. 3 + 4 . 7 . 4 )] 

[aio,7P4 - «w4. (r? - r 4 ) + df] (A' s ) g 3 


+ ««74; 


{fit + 4 . 7.4 ) 


aMaio,7P»P4A| 5 

f f + <#) |(a»*ra + 4 i)(«i 0 . 7 ft + <#) + aggr 4 <# 
+ 


a»sOie,7P3P4Aj 6 

<M7Pj 4. (aio,7P4 + a t9r*dti + <#) 


(A.s)j j 3 


ai8aio,7P3P4AJ- 8 

( 033 P 1 +<^,)a 44 <» 43 Pa [ 4 *. 4.4 +aio, 7 P 4 (a»< 7 a -t- 4 , )] 


a;. 


Ur +4.7.8) + fa 


it 




+ dfi){ r 4 ~7a) — (awPl + a67P» + 4-. /4, (AJs)j j 

a**p*P4A' l 


(a3«Pi + <# 


?,)«4»oei«io,7Pl a«i(r t - r 4 ) +4,] ] 

^7 — 1 “ 1 / {fit + 4. fat) 


4 « 


(5-22) 


(5-23) 



origin^- 
0F POOR QJ"-" 


to 


OSo 4 f 
suoio, 


;PiP,A^ 6 | a ** a<7a<aai0 > 7PiP »P 4 [■*•* (/« + 4/ia) 

~t («aaPi + 4 ) (/,-# + 47.4)] + « 67 P 8 (Aj«)»,a (/•* + 47 i«) 

+ [(<*MPa + 0 « 7 P» +4)(Ays)s,3 “ (°33Pl +4) a U a U o M°10,7PaP3P4] (/i7 + 47 »«)| 

K 4~5 [g* 3 Q« 6 P 7 P 3 +<lfl»OuP 3 P 4 + « 67 <»t 9 P»P 4 + (<* 63 P 2 +OVTP* + 0 > 6 P 3 + Og»P4)4‘ + 4 

<»««aiO f 7P8p4Af 5 

«t®P 4 ° 10 , 774 (<* 6 a PJ + « 67 P 3 + 4 ) 1 # 

““ r (^16)5,3 


««aiQ,7P3P4A| 5 


(a 38 pi + 4) 0 460eaP3 I a«8P40 10,774 - 4 $ (a« 6 P 3 + a«op 4 + 4 ) 1 

+ L -^ i 




x {/ 1*9 + 47f, 

10 ) +/|,10 


(5-24) 

where: 






T j 


r^; y — 1 , 2 , 3, 4 

"j 



(5-10) 

Pj 

— i+r,-4; 

p ; = 1,2,3,4 


(5-25) 

4l 

* <*237l + 4 



(5-26) 

4a 

=* <*41 7l + 04873 + 4 



(5-27) 

4'3 

“ <*6372 + 06773 + 4 



(5-28) 

4-4 

= <13573 + 03974 + 4 



(5-29) 

4‘5 

— <* 10,774 + 4 



(5-30) 



1 ( 033 P 1 + 4) 

041 P 1 0 

0 

0 



<*33Pl “(.041P1 +O 46 P 2 +4) 063P3 

0 

0 

a; 6 


0 

<*46p2 — (o«3P3 + <*67p3 + 4 ) 

08573 

0 



0 

0 06773 

— (<*86P3 + Og fl p4 + 4,) 

\ Oio,7P4 



0 

0 0 

O80P4 

' (oiO,7P4 + 


-(o^aPi + <^,)(Aj 8 )i f i - o 38 pi (A-8) 3)1 
■( a nPi + - ° 38 Pi (^<5)1,3 


(5-31) 


5.SJ Elimination of Damping torn Modal Ihtarfacat 

Elimination of Humping at interface j [j * 1,2, 3, 4 for the five body model) corresponds to setting 
tj *■ 0 and pj » 1 in the equations for generating the elements of the T matrix, equations (5-16) through 
(5-31). 
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Enmph AH Interface Damping Eliminated 

If damping is removed from all four interfaces of the five body model, rj — ► 0, pj -» 1, dm — ♦ da, 

dm djf , dii di» <4 *i 4 ~ * <4i» <4>» —■* <4, wd A{| — ► A,g. 


4a 




« 4 i«w + « 4 i<»ey + 044O6T + (041 + <»46 + aes + Qq 7 )d?.- + <#,] 


038044 A, 6 


(A*®) 1,3 


+ <*41 


_ ww(°. 1 +««t4)hv+‘ft) | (/ + 4i/i .) 

A,-. J 

(<»68 + <»e7 + d?, )(Ats) li3 <*67<*8s(<*10,7 + <f/,) ,, , - , 

<*38044 A,* " Ai 5 (/,3 + i,,/,4) 


o 41 o«(A,- 6 ) 1i j 

+ ~,a«X7 if “ +d “ M 


<*4l<*63 o«< 

A .6 


[(<*10,7 + <d?,)(/i7 + <4t/i'«) + <*10,7(/i9 + <4.7.1 o)j ; 


i=*?,2,...,p (5-32) 


«,*4 


(<*63 + <*67 + <^,)(A,- 6) li3 

<*67<*8fi(<*10,7 + ■?,') 

- <*23046 A, 5 

^l 6 

J 


(033 +- )<*«3 (^A*5 ) j ,3 


x [<*23 (/ il +<4*.7«2) + (<*33 + d?,-)(/i*3 + <4 i/i 4) j + q g ^ 5 

+ 22 LiiL 22 ill [(a 10 ,7 + <#•)(/, 7 + dafis) + Oio, 7(/«9 + <4./io)] 


(/i'5 + <*»i7i6; 


(5-33) 


4*8 * [°a*(/«'i + <4/ / 12) + (033 +d?,)(/,3 + <4 i/i4)] 


( A <6)l,3( A '6)s,3 } 

H r — f /16 + <4i/i6 1 

<*33<*4S<*85Ol0,7iX5 


+ ai “ 7 ^ : j [( ai0 < 7 + ) (/ 1'7 + <4i /1 8 ) + Oio,7(/i’9 + <47/«10)] 


( 5 - 34 ) 


tit ** **097(w,7 ^ [° 28 1 ■*" /'* ) + (<*23 + ) (/t 3 + <4.7i4)j 


A ,6 

087 (A, 5 ) s< 3 (aio ,7 + <d?,) 

oggoiojAtg 


(/•4 + <4«/.6) 


(<*83 + <»«7 + <d?,)(A,-5) 6 . 3 _ (023 + d?,)g46<*83 


<*86<*10,7A,'5 A, fi 

X [(<*10,7 + «d?i)(/i7 + <4i7i8) + <*10,7(/.9 + <4./lo)] 


(5-35) 
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+ <*•# 


( a 68 + <*67 + <^,)(A < 6) 5ia 

(oaa + <^!r)o4fifl68 

0660 10, 7 A, 6 

A ,6 


(/•7 + diifia) 


{ 063085 + a«a*» + <*67089 + (<*63 +067 +«86 + + <$ 

auaioj&ii 

+ Oja + dfi ) 1 

/ (/i® +4fi/*lo) 


(033 + <^ ( ')04{d68 (<*85 


T | (<*41 + tfi ) (<*63 + 067 + dfi) + O45 (067 + df { ) 

■" -*[( sss: 

»,7 + <^,)(04X + <*48 + <*?,) ) 

— 


<*67085 (« 10, 


1 + da fa) 


<*41 


|[(063 + 067+<i? I )(A t6 ) 1 ,3 “ <*33045067086 (01 0,7 +<£)] (/< 3 + <fci/«4) 


033 O 4 & A, 5 

+ 063 (A,-s) 1 ,3 {/iS + dii/id) 


+033046063085 [( a 10,7 + <&) (/i7 + + aiOj{fi9 + 4ri /»lo)| | + /i'S 


^lO 




067 +<^,)(A|5)i t3 _ 038067086 (oi0.7 + <ff.) 


O46 A, 6 


A «e 


(Ai + da Jo) 


[(<*38 + <#•)(<* 67 + <%) + 068(033 + <ff, ) (A,5) 1j3 
<*38046 A,6 


<*67086 (033 


+ <#)(<*10,7 + <#) ] 

A* j 


(/i‘3 + diifu) 


063(033 + <^i)(Ai5) 1>3 
038046^5 


(/c6 + dii/ii) 


_063 85 (S3 , — H-L j"(aio,7 + <#)(/i7 + dii/ii) + Oio,7(/i9 + lo)l 


+ /i'4 


(0-36) 


(5-37) 


(5-38) 
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■* d,« | [<*8*(/a + ditfn) + (*»3 + dft ) (/it + dufn)\ 

+ (A,,)l ' ,(A,l) g ■(/«+*,/«) 

(A,«) 


«io 7 Aa [(° 10 * 7 ~ +4f#/«) +«io,7(/i 9 + <4i7,io)] j 4- /<« (5-39) 


tf7 — — dw ) jo^af/ii + diifn) + (oaa + d?;)(/i3 4- dfi/u)] 


<*67(<*10,7 + d? l )(A,6) 5 . 3 ,, . , . x 

7 (/iS T <*M / it) 

<*86<*l0,7ti<6 


- (<* 10 ,7 4-d?,) | 


(<*63 4- d?,) (<*8S + d? ) +‘a«7 


<*88<*10,7A|6 


(A is ) M -l2H±fe2«) (/7 + 4 . /l ., ) 
A„ j 


I* (<*ea 4- <*»7 4- <ff,)(A t s) M (g 33 -f d^la^q^aoto.T 

1 <H6A a + A, 6 


(/»« 4- diifuo) 


+ /,•* (5-40) 


" d, 


4 

1 I “—"7 — i c 46<*67<*86<*10,7 [ a 33 (/i 1 + dfi/«a) 

I 088*10, 7^,8 { l 

+ (aja +df,')(/i‘8 + dfi /,'4)J -f a «7(A,-5) 5j3 (/,6 4“ diifit) 

4- [(<*68 4- <*67 4- 4,)(A,b) 5i 3 - («33 4- df. ja^asaagjato^j {Jvr 4- duAs) | 

<*68 <*86 4~ <*6 8 <*89 4~ <*67<*80 4~ (<*68 + <*67 4- <*86 4~ a8o)d? 4- <ff,-] (A,b) 5>3 


<*36010, 7A.6 

(<*33 4- d?i)<*48<*63(<*88 4- <*80 4* dtf) 


A.8 


-} </. 


o 4- d,; A t io) 8 4- A, io 


(5-41) 


5.4 SOLUTION FOR SYNTHESIZED STATE VARIABLES 
5.4.1 Introduction 

Inaccessibility of a scalar state variable in equations (5-6) and (5-7) is refle cted by a corresponding 
nnll column in the C and F matrices as implied in equation (2-14). For the generation of reduced state 
observers for the five body model, the number of inaccessible states can vary between one and nine. 

5.4.3 First Order Observers (p » 1) 

An observer of order at least one is required when any one of the ten scalar state variables of the Eve 
body model is inaccessible. The first order form of the linear observer equation is as follows: 

i — ds 4- Eu4- Gy (5-42) 
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Hm F and T matrices anoaiUd with a first order observer for the five body model then redace to the 
lblkwinf row form*: 


F m [I\ ft **• /ioj (3-43) 

T " [<i h <io ] (5-44) 

The observer synthesis equations are then, of the form of equations (5-15) through (5-31) with « * 1 . 
Since a first order observer corresponds to one of the scalar state variables being inaccessible, one of the /, 
(*- 1 , 2 ,. ... 10 ) — 0 . 

Example 

Suppose the scalar state representing the angular rate of body 5, *i 0 , is inaccessible. Then f 10 — 0 and the 
observer synthesis equations reduce to the form of equations (5-15) through (5-31) with the subscript, *, 
omitted and /io * 0 . From equation ( 2 - 11 ), the synthesised scalar state, *io, is expressed in terms of the 
scalar observer state variable z, and the accessible model scalar state variables as follows. 


*10 


For zio inaccessible, it is assumed that: 


C 


Io 



_ 1 _ 

<10 


■ 9 

z — y * <i*t 

. i=i 


where h=9x9 identity matrix. 

From F a GC, 

G-[/, h - /•] 

From E a TB, 

E a [< a f 4 t 6 t % ] for r a 5 (control torques applied to all 5 bodies) 


(5-45) 


(5-46) 


(5-47) 

(5-48) 


5.4.3 Observer* of Order Greater Than One (1 < p < 10) 

For those cases in which more than one of the ten scalar states of the five-body single-axis model are 
inaccessible, the mininmm order of the reduced state linear observer required to reconstruct these inaccessible 
states is given by p. f n each case the number of null columns in the measurement or observation matrix, C, 
and the F matrix also is equal to p. The general forms of the E, F and T matrices are given in equations 
(5-12) through (5-14) for p "2, 3, 4, 5, 6 , 7, 8 or 9. 

Example 

Suppose the scalar states, xg and *io , which represent the angular position and rate of body 5, are inacces- 
sible. Then /,g =» /,,xo — 0 for i * 1 , 2 and the observer synthesis equations reduce to the form of equations 
(5-14) through (5-3 1 ) with » *1, 2 and /,g — i o — 0. From equation (2-11) the synthesized scalar states, 
z 9 and *io, are expressed in terms of the scalar observer states, t\ and *3 and the accessible model scalar 
state variables as follows. 

3 8 

rj-irMM-.xfr — Y*n) 

*» = — 7 — M) 
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<10 


(5-50) 


* * ORiOi^- 

2^(-l) ,+1 (A2)^j(*f - Z^UjiXj) Q F POOR QwAUs* 

1=1 j=i 

As 

for 


As “ ~*1»*340 -<1^0*3® 0 


Where (A*)— ■ As without the elements of the i** row end j ik column. 
For and *io inaccessible, it is assumed that: 




1 0 

o' 

c - 

u 

! : 

• 

• 


m 

1 0 

0. 

where I# 

is an 8 x 8 identity 

Since F =» GC, 



G - 

7 u ••• 
,/ai **• 

fit 

/a*. 


From E » TB, 



X as 

*13 *14 

*10 

*18 


.*33 *34 

*30 

*38 

li si 

*13 *14 

<16 

*18 

Mi * 

.*33 *34 

*30 

*38 


matrix. 


1,10 for r * 5 (control torques applied to all five bodies ) 
a, io J 

| j for control torques applied to bodies 1,2,3 and 4 


N) 


(5-52) 


(5-53) 


(5-54) 

(5-55) 
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SECTION 6 


APPLICATION OP MODAL MODELING AND 
DIRECT MATRIX PRODUCTS 


0.1 INTRODUCTION 

la the development of reduced state observers for the due of single-axis models of a flexible spacecraft 
presented in sections 2 through 6 of this report, it was assumed that the state vector coefficient matrix of the 
observer model was diagonal in order to reduce the *mnnnt 0 f computation involved n solving the observer 
synthesis equation, 

TA-DT-F, (6-1) 

for the elements of the T matrix as a function of the elements of the F matrix where 

F - GC (6-2) 

Despite this rather arbitrary assumption, the computational effort involved in this solution grew with alarm- 
ing rapidity as the number of flexibly connected rigid bodies incorporated in the single-axis model was 
increased. Furthermore, especiallly for the models incorporating both larger numbers of rigid bodies and 
damping, the assumption of a diagonal D matrix seemed a rather noor approximation in "iew of the con- 
siderable departure from diagonal form of the state vector coefficient matrices (A matrices) of these models. 
In view of these problems, Dr. Henry Waites (6-1) of Marshall Space Flight Center suggested that a more 
fruitful approach to synthesising observers for this class of single-axis models of a flexible spacecraft treated 
in the preceding sections of this report would be based upon the following sequence of steps. 

1. Recast the state variable forms of each undamped single-axis model into modal form. 

2. Add modal damping to each modal model. 

3. Recast the observer synthesis equation in terms of direct matrix products. 

The advantages cited for this approach include the following. 

1. The state vector coefficient matrix, A, in each modal single-axis model appears in 2 x 2 block 
diagonal form implying that the state vector coefficient matrix, D, of the corresponding observer 
requ’^ed to accurately synthesize the inaccessible states would be no less sparse than 2x2 block 
diagonal. 

2. The modal model is more amenable to truncation of less significant oscillatory modes. 

3. The coefficient of damping associated with each vibrational mode can be specified at the outset of 
the analysis. 

6.2 TRANSFORMATION OF THE TWO-BODY SINGLE-AXIS MODEL TO MODAL 
FORM 

The approach utilised in transforming the undamped two-body single- axis model of Section 2 to damped 
modal form follows that presented in Thomson (6-2). It consists of the following steps. 

1. Write original single-axis model in undamped form. 

2. Write undamped single-axis model in terms of inertia and stiffness matrices. 

3. Solve extended eigenvalue problem for eigenvalues and corresponding eigenvectors. 

4. Normalize the eigenvectors. 

6. Construct the modal matrix from the normalized eigenvectors. 

6. Transform the model to principal coordinates (modal form) utilizing the modal matrix. 

7. Add modal damping to the model in modal form. 
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8. Writ* the nodal modal with ’ m gtata variable form. 

ill Original Undamped Two-Body Sin^oAdi Modal 

The undamped form of equations (2-1) and (2-2) is the following. 

m —ki&i + ki $2 «■ qi (6-3) 

hh — -Ma + *i*i *■ 9a (6-4) 

where the coefficients and variables appearing in this set of equations a re defined in Fig. 2-1. 

944 Undamped Two-Body Model In Terms of Inertia and Stiflhess Matrices 

R+Kx-q (6-5) 

where? 


x 

I 

K 

q 


-I*i *a] r 



[*i * 2 ] r 

rotational inertia matrix 



rotational stiffnes matrix 


-Ift ft] r 


644 Determination of Ugenvalues and Eigenvectors 

The eigenvalues for equation (6-5) are obtained by solving the extended eigenvalue problem which 
is eonivaleut to solving the following equation for A. 

AIx » Kx (6-6) 

An equivalent form of the above equation is: 

[AI-K]x«0 (6-7) 

A non-trmal solution of the extended eigenvalue problem exists if the following holds with the expanded 
forms of the rotational inertia and stiffness matrices for the two-body model expressed immediately following 
equation (6-5) 



The solutions for this extended eigenvalue problem are: 




At -0, 

*JL , *i 

m i\ h 


( 6 ~ 8 ) 


(6-9) 
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The eig en ve ctors corresponding to A,- an obtained by solving equations of the following form for 
where « m 1 , 2 . 

[A,T - K]w,- - 0 (6-10) 

The eigenvector* are norm allied by solving the following equation for e ,• (t «■ 1,2 

▼?I r/ - 1 (6-11) 

The eigenvalues, eigenvectors and normalised eigenvector coefficients are displayed in Table 9-1 


•41.4 Construction of tho Modal Matrix 


P -[vi I v a ] 



( 6 - 12 ) 


«.2.6 Transformation to Principal Coordinates 


y -P r * 

yi * c\Xi +ci*a * ci^i + «i0a 

<i -P r q 

9l ™Cl9l +<?iga 

&r* 

Model in Principal Coordinates (Modal Model) 


Vi "/i 

5a *■ “"lira + 9a 



(6-13) 

(6-14) 

/r \ -I/a 'r ,1/1 

Cl (ia) h 

(6-16) 

(6-17) 

(6-18) 

(6-19) 

( 6 - 20 ) 

( 6 - 21 ) 


6.2.6 Two Body Modal Model With Damping 

Modal damping is added to the modal model described by equations (6-19) and (6-20) by adding a 
damping term to the equation with which the modal frequency, u i, is associated. The two body model with 
damp in g in modal form then may be written as follows. 

V\ -9i (6-22) 

y a m — 2<i«iya — <*/f ya + qj (6-23) 


where ft is the damping ratio associated with Wi . 
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Eigenvalues and Eigenvector* for Each 
Modi ol .Vo Body Modal 


Mod# No. 


Eigenvalue 

X { - uf 


Eigenvector 

▼i 


Normalized 
Eigenvector 
Coefficient, c, 


1 


2 


0 




±(/i+/o)- l/ * 



0.3.7 State Variable form of the Two-Body Modal Model with Damping 

The subscript on yj haa been changed to *3" so that the following relationships can be used in 
constructing the state variable form of the modal modeL 


Vi •in 
Va •in 


State Variable Modal Model 


’yr 


■o 

1 

0 

0 ■ 


‘yr 


■o 

0' 

ya 

m 

0 

0 

0 

0 


Vi 

+ 

1 

0 

y> 


0 

0 

0 

1 


Vi 


0 

0 

-ye. 


.0 

0 

-OlJ 

— 2fiwi . 


•ye. 


.0 

1. 



(6-24) 

(6-25) 


(6-26) 


0.3 TRANSFORMATION OF THREE-BODY SINGLE- AXIS MODEL TO MODAL FORM 
0.3.1 Original Undamped Three- Body Single- Axis Model 

The undamped form of equations (3-1) through (3-3) is the following. 

Ii$i ~ — h\$i 

» ki$i + (i»i + Aa)0j + kiSz + ft 
Iih ■ kj$2 — + ft 

where the coefficients and variables appearing in this set of equations are defined in Fig. 3-1. 

6.3.3 Undamped Three-Body Model in Terms of Inertia and Stiffness Matrices 

lx + Kx » q (6-30) 


(6-27) 

(6-28) 

(6-29) 
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I ■ 0 It 0 «■ rotational inertia matrix 

0 h. 

hi ~k\ 0 

K • -hi hi + h% —h% m rotational stiftiess matrix 
. 0 “hi kj 

q -{ft ft ftj r 
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6.3.3 Determination of Klgezmduas and Modal lhquind« 

Corresponding to equation (6-30) an extended eigenvalue problem can be defined which consists of solving 


the following equation for A. 


AIx-Kx 


(6-31) 


This is equivalent to setting the following determinant equal to zero 


l*i- *l 


AJi — hi *1 0 

*i A/a — (Aii +1*3) hg 

0 hi XI 3 -h, 


r T T \ r V 2 ( kl I *’ + ** 1 ^ \ \ 1 *»*» I I *»*»1 

w,A l A -U + ~ + ^J a + 7^ + 7^ + w7J 


(6-32) 


Since each solution for A corresponds to the square of a modal frequency, equation (6-32) may also be written 
as follows. 

A(A-w?)( a - w 2)-9 (6-33) 

for which the solutions are: A t — 0 , A 3 — u»j and A 3 — w£. 

The eigenvectors corresponding to A,- are obtained by solving equations of the form presented in equation 
(6-10) for where t *» 1,2,3. The resulting pairs of eigenvalues and eigenvectors are displayed in Table 
6 — 2 - 

Application of the remaining steps in the approach utilized in Section 6.2 yields the following state variable 
modal form for the three- body single-axis model of a flexible spacecraft. 

83.4 State Variable Form of Threa-Body Modal Modal with Damping 


0 0 0 1 
0 0 — wj — 2fi«i 


(6-34) 
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BifwvmhMa and Up c wcto n for ImIi Mods 
of Throo Body Modal 


Mod* No. 

1 


Eigenvalue 

A 


wr 


w 3 


Normalised 

Eigenvector 

•01 


Ci 



C3 


*1 -wjA 

Ai 

Al &3 

*3 -w|/ 3 it 


Eigenvector 
Coefficient, c< 

i^i+Za+i'a )- 173 


± 



( liLZSih. 
V *i 


) 


3 


h 


+ 


/ *! — fill kj\ 3 
\h — '■i/a /;i / 



-1/3 


i Ui + 


( 


*i - fill \ 

*i J 


3 


/3 


+ 


x ,2 1-1/* 

\*3- *' 1 / 3 * 3 / 


6.4 EXTENSION OF RESULTS TO SINGLE- AXIS MODELS WITH FOUR OR MORE 
RIGID BODIES 

Inspection of the state variable modal form of the three-body single- axis model with modal damping in 
equation (6-34) and the corresponding modal two-body model in equation (6-26) reveals that the state 
vector coefficient matrix, A, in these modal models could be written in the following 2x2 block diagonal 
forms. 


Two-Body Model: 


Three-Body Model: 



where A,, and 0 are 2 x 2 submatrices. 
Furthermore, 


An 


0 1* 

0 0. 


( 4 - 36 ) 


( 6 - 36 ) 


( 6 - 37 ) 


and 
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A« 



1 


lor »> 1 


(•-M) 


II also should bs noted that the dimensions of each A matrix art tqul to twico the mmbtr of rigid bodies 
ia Um modoL Application of tbo approach utilised in transforming Um two-body ud three-body sin git- axis 
medals to hits vuitblt modal form with damping yields a set of models that «xt«ad the patterns for Uimo 
models. Ia. particular* a single- axis model involving r rigid bedim cam bo transformed to a modal state 
variablo medal with a st'U vector coaffidaat matrix of tha following form. 


▲11 






which iia]x2 block diagonal matrix of overall dimension n x n where n *« 2 r. The forms of the 2 x 2 
sabmatrices along the principal diagonal of this coefficient matrix are given in equations (6-37) and (6-38) 
for i ■» l,2,...,n/2. The remaining elements in the A matrix are zero. 

/ 

•A OBSERVER SYNTHESIS EQUATIONS EXPRESSED IN TERMS OF DIRECT 
MATRIX PRODUCTS 


The observer synthesis equations art expressed in the following form j> Section 2 of this report 


, TA - DT - F - GC (*-40) 

for the state variable form of a single-axis model of a flexible spacecraft., with some scalar states inaccessible, 

x -Ax + Bu (6-41) 

x* - Cx (6-42) 

where the corresponding reduced state observer is given by: 

i-Da + Eu+Gx A (6-43) 

a - Tx (6-44) 


The coefficient matrices and vectors appearing in equations (6-40) through (6-44) are defined for a linear 
model of dimension n with m accessible scalar states and p inaccessible scalar states as follows. 

A » n x n model state vector coefficient matrix 
B ■ n X r model control vector coefirient matrix 
C «■ m x « model measurement or observation matrix 
D mpxp observer state vector coefficient matrix 
E m p x r observer control vector coefficient matrix 
G apxn observer observed vector coefficient matrix 

T apxn transformation matrix from model state vector to observer state vector 

x ■» (xf xf ) r ■* n* vector of model scalar states 
x A * m- vector of accessible scalar states 
X, m p. vector of Inaccessible scalar states 
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Worn thaw dtfinitions, each of tht matrix products spptaring in equation (6-40) haa tht dimensions p x n. 
If Ip is deftntd aa Um identity matrix of dimensions pxp aad In is defined correspondingly, Urn each of 
Um matrix pro darts, I,TA aad DTI* also has tht dimension pxn. Tht obttrrtr synthesis equations may 
a aw bo written ia the following fona. 

IpTA - DTI, - CC - F (f-4fi) 

However, tkt definition of a direct matrix prodact given ia Lancaster (6-3) may bt ostd to writs tht obttrrtr 
synthesis equations in tht following equivalent form. 

fc«A r -D«*,|f-F («H6) 


where: 


r*Fi 

ti 


LtJ. 

Tf «■ vtctor comprised of tkt elements of tht i** row of the T matrix 


and F is related to F in the same wsy. 

From Lancaater ( t-3), the direct matrix products appearing in equation (6-40) may be expanded as 
follows. 



For 




dn 

” d Xp 


D 

m 

k- 

•• ^P. 




dul* 

- *,i.i 

D ® In 

m 

j 


: 



.d,'iU 

- dppU J 


»s«»s 


Solving for T yields 

* -[I,3A r -D®In)-‘G£ 

(a general, this eolation would require inversion of a matrix of dimension np x np. 


(6-17) 


(6-48) 


(6-1#) 


(6-50) 


60 



ORIGINAL PJtfE ^ 
OF POOR QUALITY 


«.« OBSERVER SYNTHESIS EQUATIONS FOR, SINGLE- AXIS MODELS IN MODAL 

FORM 

If A is tii* stmt* vector coefficient matrix of a single-axis model in modal form, it was shown in Subsection 
that it assumes tho form given is equation (6-39). The transpose of r ch a 2 x 2 block diagonal matrix 
also is block diagonal and of the following form. 



0 

jlT 

A i»/a,«/a . 


(6-51) 


where each submatrix. A*, , b 2 x 2 and the remaining elements in A 1 * are zero. 

For an observer of even order, p, of a state variable single-axis model in modal form with an A matrix of 
the 2x2 block diagonal form appearing in equation (6-39) the observer state vector coefficient matrix is of 
the following 2x2 block diagonal form. 



0 

Dfi/a.n/J . 


where D„ *2x2 submatrix on the principal diagonal. 


( 6 - 52 ) 


DOL» 


'Du 3L. 

Djj 0 1* 

0 


where: 


0 • 
D,/3,e/3 0 lx . 


( 6 - 53 ) 


Du 


Djj 



Da 


I* 


f 


du dij 


( 6 -o 4 ) 

.dji d 13 . 
^33 ^ 34 1 

<A 4 J 


( 6 - 53 ) 

dp- 3,^-2 
dp-',p-i 

dp-i,p-i] 

dp-i^-i J 

( 6 - 56 ) 

dp-Up-i 
. d PxP-i 

dp-i.,1 

dp,p J 

( 6 - 57 ) 
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The for generating the dmw nU of the T matrix may now be written in the follow ng form 


r A]) — dull -dull 

• 


r t u -I 


r Tty 

-da, I. Aj- ^1, 

0 


Tai 

• 


Tay 

o 

Aj ~ dp-i,p-ih -dp-i t ,b 


• 

Ts-ij 


Fj-ij 

p 

“<W- A Aj. - d. -I,. 


• T p j . 


■ T w . 


/-l,2,...,«/2 (6-58) 

when: 



Tij * [ t|,2/— l ti,2j ] r 


(6-59) 

(6-60) 


It should be noted that all of the 2x2 submatrices appearing in the coefficient matrices of equation set (6-58) 
are commutative under multiplication because this property is useful in the solution for the elements of the 
T matrix for p > 1. Since all diagonal matrices commute, it is necessary only to show that the matrices, 
Aj* - dikh and Ajj — dr*!?, commute for j =» 1,2,... ,n/2. 



0 If-d* 0 1 

l * 

— 1 din j [ 1 —did J 


‘ [-(d« +d„) dJL] “ * 4,1,1 


(6-61) 


| dfc*d r . - wj_, w >-t +2f>-i«>- l 

< 2,3 n/2 (6-62) 


d/w d r , - 1 + 2 0- 1 w > - 1 

(dw + dr, + 2fj-iWj_i) d/wd r , +2fj-i«j-i(dw +d f ,) + (4f , _| - l)wj. 

[Ajj -^i a ][Aj; - CH i 3 ) ■ 


Hence, the 2x2 submatrices, Ajj — dikh and Ajj — d rt I? are commutative under matrix multiplication for 
1 * l|2,...,s/2. 

For an even p the solution tor the elements of the T matrix now involves npj 4 inversions of the coefficient 
matrices of dimensions 4x4 partitioned into 2x2 submatrices. Since the 2x2 submatrices are commutative 
under multiplication, each of the np/4 vector-matrix equations of the set can be solved ir. terms of each 
which has the effect of reducing dimensions of the matrix inversion involved by a factor of two. The 
definitions of T,y and F,j in equations (6-59) and (6-60) in terms of the indevidual elements of the T and 
F matrices would then be invoked to complete the solution. 

For the case in which p is an odd integer, the corresponding D matrix is 2 x 2 block diagonal except at 
one location along its principal diagonal where there occurs a degenerate “block" in the form of a single 
non-sero scalar element. With the assumption that the individual scalar state variables can be reordered, 
this isolated principal diagonal element can be placed at the lower right hand comer so the D matrix 
assumes the following form. 




Du 


D - 




(6-63) 
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wb«rt Si,- are 2 x 2 submatrices defined in the same way u for p even for s ■ 1,2,..., (p- 1)/2 and d ftP is 
a scalar on the principal diagonal of the D matrix. 




D?3 ® In 

0 


0 


(6-«4) 


By the same procedare as utilised for even p the equations for generating the elements of the T matrix when 
p is odd may be expressed in the following form with T tJ and T,j defined in equations (6-59) and (6-60). 


Aj£ — dijlj Ay — dialj 
A jj — dj\ la Ajj - da a la 



a 

r\ 


r 1 

P 

u 


Tsi 




r 


A jj ~ dp-t, p-jh -dp-i'p-ih 


T /> 


~dp- A Jj — dp-i t p-i I3 




A£- “ dp ,,1 3 _ 


■ T p j . 



(6-65) 


From equation set (6-55), it is evident that when p is an odd integer, n/2 of the equations in the set 
reduce to the form, 

;«1.2....,f (6-66) 


[A/j ~ dp,pI-i]Tp j * T p j 


where H has been assumed that the state variable model can be rearranged, if necessary, so that this vector- 
matrix equation appears last in each of the — sets of equations. 

From equation (6-37), 


fAfj — d*.,Ia] -1 


-du 0 
—1 — du 


n 


H 


From equation (6-36), 


[aJ -d w ij] 




+ d«) wj_! 

-1 -dki 


+2d W fj- l w ; _t +4/ 


(6-67) 


(6-68) 


Hence, for the case in which the order of the observer, p, ir an odd integer the solution for the elements of 
the T matrix in terms of the elements of the F matrix reduces to n(p — l)/4 inversions of coefficient matrices 
of dimension 4x4 partitioned into 2x2 submatrices and n/2 inversions of coefficient matrices of dimensions 
2x2. Since all of the 2 x 2 matrices of equation set (6-56) commute under multiplication, the dimensions 
of the n(p — l)/4 coefficient matrices to be inverted are in effect reduced by a factor of two by first solving 
for the T,j ’s in terms of the F,/s and then applying equations (6-59) and (6-60). 


6.6.1 First Order Observers (p * 1) 

Since p is an odd integer, equation (6-65) applies and reduces to the following form. 

[Ajj — dnIj]Tij «■ Fij, j m 1,2,..., n/2 (6-69) 

where Fjy and Tij are defined in equations (6-59) and (6-60) and the F matrix, which has a single row , 
may be written as follows: 

F-irf. *Tj - r, r > . /J ] ! ' 


«3 
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Ti.- mfA?. _Jr l-l» 


... . T z/-[A5-rf n lij-i Fl> 

Which, in view of equations («-50) and (6-60), becomes: 


(*-71) 




- - l j (*“72) 

^ e*> - [as - w , p,„ h — „ t (M8) (or 

Second Order Obecrven {pm 2) 

Since p is even, equation (6-58) applies. For p - 2 it reduce, to: 

rAj. -d,,li -d 13 la 1 r T, , 1 |>.,1 


(6-73) 

(6-74) 
(6-75) 

(6-76) 
(6-77) 

IzTtX^^^z mo) f - tie ° 

Tj 1 f a T . - _ 


- ~ * k 

where T,j and F ,7 are defined in equations (6-59) and (6-60) 

A a .« -dial, ] 

Si.™ AS -i„U comnmtM whk At - i,. h md „ ^ 

|Alj| - |[AS - <tuh]{At _ rfjjlgj - d, 

Then 


Tu dial* 

J “ 1 Fl J + T7~7 r 3>; 


1*3/1 


|A.il 


T«. - , A 7 . -diilj- 




pw-*] r , 1 dlJ r ; , 

l ‘ wJ M 1/wJ+Kfl/^‘J 
h,’H . , [AS-*,air/.„..i 

i‘»o ia«i[/ w J + ^fe[— lx;J 


i * lo2,..., & 


(6-78) 


(6-79) 


fl,#J Obs erven of Higher Order 

For p - 3 equation (6-65) reduces to the following. 


Aj£ ~ du la 

— djilj 
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[aJ- ***)!•, -F V ; /- 1,2,..., j (fr-80) 

The obeerver synthesis equations for p » 3 differ from those for p — 2 by the addition of equation set (6- 
80) which is of the same form as the observer synthesis equations for p • 1 with the subscript, 3, substituted 
for the subscript, 1. Therefore, the solutions for the elements of the first two rows of the T matrix for p ■ 3 
are iden ti c al with those for the two rows of the matrix for p « 2, equations sets (0-70) and (0-77). While 
the solutions for the elements of the third row are of the same form as those for T matrix for p » 1, equation 
set (0-71) with the numerical subscript, 3, substituted for the subscript, 1. 

For p ■■ 4 equation set (6-38) reduces to one equation set identical with the one for p ■« 2, and another 
equation set of the same form with each numerical subscript incremented by one. Hence, the solutions for 
the elements for the first two rows of the T matrix far p » 4 are identical with those for the two rows of the 
T matrix for p «■ 2, equation set (0-70) and (0-77). The solutions for the elements of the third and fourth 
rows are given by the same equations with each of the numerical subscripts incremented by one. 

The solutions for the elements of the T matrix for larger values of p follow the same pattern. Thus, 
they can be constructed directly by niring the solutions for p = 1 and p» 2 as “building blocks” as was 
demonstrated for p * 3 and p ■■ 4. 

0.7 SOLUTION FOR SYNTHESIZED STATE VARIABLES 

In Subsection 6.4 it was shown that the single- axis modal models of a flexible spacecraft treated in this 
report can be written in the state variable form in terms of the modal state vector as follows. 

y -Ay + Bu 

yx = Cy 

where 

A 

B 

C 

y 
y* 
u 

The block diagram corresponding to this model is the same as Fig. 2-2 except that the vectors, x and x A , 
are replaced by y and y A , respectively. The 2x2 block diagonal form of the A matrix is shown in equation 
(0-39). 

If the number of inaccessible modal model scalar states is given by p ■ n — r (l < p < n), then the 
corresponding reduced modal state linear observer model is the following. 

s *» Du + Eu + Gy A (6—83) 

l - Ty (6-84) 

where 

D — p x p observer state vector coefficient matrix 
E *pxr observer control vector coefficient matrix 
G »■ p x m observer observed vector coefficient matrix 
T *pxn observer weighting matrix 


■nxn state vector coefficient matrix 
=■ n x r control vector coefficient matrix 
* m x n observation or measurement matrix 
» modal state vector of dimension n 

=* vector of accessible modal state variables of dimension m 
» control vector of dimension r 


( 6 - 81 ) 

( 6 - 82 ) 
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Tin block diagram for this observer is tho Mom a a that shown in Fig. 2-4 except that the vector, y, is 
substituted for the vector x. 

Alter tin observer synthesis equation given by equation (6-40) or one of its equivalent forms such as 
equation set (6-68) for even p and equation set (6-66) for odd p has been solved for the dements of the T 
matrix, tij, equation (6-84) can be solved to express the synthesised inaccessible modal model scalar states 
in terms of the accessible modal model scalar states. This last step generally will require the inversion of 
a p x p matrix. A block diagram of the modal model of a flexible spacecraft and its reduced state linear 
observer appears in Fig. 6-1. 

Example; Solution for two synthesised modal states in the two body modeL 

Suppose that for the state variable modal two*body model the modal scalar states, y 3 and y 4 are inacces- 
sible. Then p » 2, n » 4 and the T matrix is thus: 

T hi! *13 *13 < 14 ] (8-85) 

[*21 *32 *23 *34 J 

corresponding to: 

y — (yi P3 V9 va] t ( 6 - 86 ) 

■ -l*i *3l T (®~ 87 ) 

If the remaining modal model scalar states, y\ and yj and all of th^ elements of the T matrix are known 
then equation (6-84) can be solved to express the synthesised inaccessible modal model scalar states yz and 
£4 as follows. 

79 “ ™ ~~ (*1 — *nVi —*i3lf3) — " r™ 1 (-2 — *3i?i — *3392) (6-88) 

As As 

74 m, ^ - *nyi - *isy2) - - ” ,2 (*S - tsiyi - *23y2) (6-89) 

As As 

where 


As 


*11 *12 
*21 *32 


*11*32 _ *13*31 I* 0 


* As without the elements of the t** row and the j* k column. 


( 6 - 90 ) 
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u * vector of scalar inputs to vehicle modal model 
u * vector of accessible states of modal model 
z * vector of scalar states of observer 
T * observer weighting matrix 

* vector of reconstructed scalar states of model 

* reconstructed vector of all scalar state variables of 
vehicle model 



figure e-i 

BLOCK DIAGRAM OF MODAL SPACECRAFT MODEL AND ITS 
REDUCED STATE LINEAR OBSERVER 
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SECTION 7 

CONCLUSIONS AND RECOMMENDATIONS 


Daring tk» period covered by this report, the dess of single- axis state variable models with some 
inaccessible states was extended three way*. 

1. The pattens involved in the prior development of the state variable forms of the two-body, three-body, 
and four-body single-axis models of a flexible spacecraft were extended to produce a five-body model 
that conld represent the single axis that was found to be decoupled from the remaining axes of a 
five-body three axis model treated in earlier work. 

2. A rot a t ion al damping coefficient was added to each flexible interconnection between the rigid bodies 
comprising each model. 

3. Each undamped single axis model was transformed to a modal model with one or more inaccessible 
model state variables. 

For each combination of single axis state variable model and inaccessible scalar state(s) a reduced 
state linear observer was generated to reconstruct those scalar states that were inaccessible. This was done 
because the application of linear quadratic regulator (LQR) and closely related time domain approaches to 
attitude control utilise all or nearly all of the scalar states of the model of the spacecraft to be controlled. 

7.1 CONCLUSIONS 

The following conclusions were drawn mainly from the development of the damped two-, three-, four- 
and five-body single-axis models with inaccessible scalar state variables of a prototype flexible spacecraft 
and the generation of the corresponding linear observers of minimum order required to reconstruct these 
inaccessible scalar states. 


7.1.1 Observers Generated for Single- Axis Models Based on Angular Displacement and Rate 
State Variables 

1. Since, of the four coefficient matrices appearing in the observer synthesis equation. A, D, F and T, 
only the state vector coefficient matrix in the single-axis model, A, is known a priori, the following 
approach was used to generate the elements of the coefficient matrix, T, for the transformation from 
the state vector of the model, x, to the state vector of the observer, x. 

a. The elements of F can be determined by utilizing the known values for the elements cf C, the 
observation matrix in the single-axis model and the assumed values of the elements of G in 
conjunction with the equation, F»GC. 

b. Assuming that D is diagonal simplifies significantly the solution of the equations for determining 
the elements of T. 

2. The iwinlmnm order required for a reduced state linear observer to reconstruct p inaccessible scalar 
ftatej of a single- axis state variable model with a total of n scalar states is p where p » i, 2, . . . , n — 1. 
Therefore, the number of elements in the T matrix to be determined equals np and solving for the p 
inaccessible synthesised scalar state variables requires the inversion of a pxp coefficient matrix. 

3. The rigid- body flexible-joint single- axis models of a flexible spacecraft treated in this report are u* a 
more general form when damping is added to each joint connecting the rigid bodies. Therefore it is 
far easier to develop the observer synthesis equations for the damped models than to begin with the 
equations for the undamped models and generalise them to account for the effects of added damping. 

4. If n — 1 of the n scalar state variables of the single-axis model are accessible, a reduced state observer 
of order at least one (p 1) is required to synthesize the inaccessible stale variable. The number o r 
elements in the T matrix to be determined equals n and solving for the one inaccessible scalar jtate 
variable does not require the inversion of a matrix. 
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5- Am th» number of accessible scalar stats variables decreases, tbs number of inaccessible scalar states, 
Pi tbs number of elements in tbs T matrix to be determined, np and the dimensions of the coefficient 
matrix to be inverted in solving for tbs inaccessible synthesised scalar stats variables, p x p, increase, 
which inc reases the number of computations required. 

9. At least one of the n state variables of the single axis model must be accessible in order for the 
inaccessible state variables to bt synthesized by a reduced state observer. 

MJ Observers Generated for Single- Axis Models Based on Modal Stats Variables 

U The state vector coeffideat matrix, A, in each modal single- axis model appears in 2 x 2 block diagonal 
form implying that the state vector coeffideat matrix, D, in the corresponding reduced state observer 
io 2 x 2 block diagonal. 

2. When the observer synthesis equation is expressed in terms of direct matrix products, solution for the 
elements of the T matrix generally requires inversion of an np x np coeffident matrix. 

3. When the namber of inaccessible state* of the model, p, is even, us* of A and D matrices in 2 x 2 
block diagonal form in the observer synthesis equation reduces the solution for the elements of the T 
matrix to the inversion of ^ 4 x 4 matrices partitioned into 2x2 submatrices all of which commute 
under multiplication. 

4. When the number of inaccessible states of the model is odd, use of A and D matrices in 2 x 2 block 
diagonal form in the observer synthesis equation reduces the solution for the elements of the T matrix 
to the inversion of "^*1 4x4 matrices partitioned into 2x2 commutative submatrices and *2x2 
matrices. 

5. The modal matrix operates on only the angular displacement state variables and thus each modal state 
variable generally is a weighted linear sum of all of the angular displacements. 

a. Reduced state linear observers predicated upon a modal single axis model generally require that 
at least one of the modal state variables be accessible which is equivalent to requiring that all of 
the angular displacement state variables of the original state variable model be accessible. 

b. Reduced state observers based on the modal model can be used to synthesize one or more inac- 
cessible angular rate state variables of the original state model. 

c. If no modal state variable is accessible or, equivalently, if any one of the angular displacement 
state variables for the original s+ite model is inaccessible, reduced state observers predicated upon 
the modal model cannot be used to synthesise any state variables. 

4. Even if all of the necessary conditions required for synthesis of state variables by a reduced state 
observer predicated upon a modal single axis model are satisfied, two significant disadvantages of this 
approach are the following: 

a. Modal state variables that are weighted sums of angular displacements and rate state variables 
are difficult to intt rpret physically. 

b. Transformation from the modal state variables to the angular displacement and rate state variables 
may he very complicated. 

7.3 RECOMMENDATIONS 

The following directions are suggested for future study in the application of attitude control to state 
variable models of flexible spacecraft for which one or more scalar states are inaccessible. 

1. The modular control techniques developed for the attitude control of models of flexible spacecraft for 
which all scalar state variables are accessible should be modified for application to seri-s of single axis 
models and their associated reduced state linear observers developed in the work treated in this report. 

2. Selected combinations of single axis model and Us associated linear observer and modular attitude 
control system should be simulated on a digital computer to support investigation v f effects of changes 
in the following single-axis model and observer characteristics. 
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ft. Ratios between the wiiiiw (rotational inertias ) of bodies comprising tho single- axis modal. 

b. Magnitudes of ftpring and damping coefficients at tho interfaces between the rigid bodies of the angle- 
axis model. 

3. The generation of reduced state observers to reconstruct inaccessible scalar states of a model of a flex- 
ible spacecraft should be extended to the three-axis five-body model of a prototype flexible spacecraft 
developed earlier. 

4. The application of modular techniques to the attitude control of selected combinations of a single-axis 
model and its corresponding reduced state linear observer should be extended to the combinations of the 
tingle-axis and two-axis five body models representing the prototype flexible spacecraft and the corre- 
sponding reduced state observers. 

5. The combination of single- axis and two-axis five body models and their linear observers and modular 
attitude control systems should be simulated on a digital computer. 

4. Coefficients representing the sensitivity of the scalar states to parameters of the cor-i) nation of single- axis 
and two-axis five body models and their linear observers and modular attitude control systems should be 
developed. 

7. Since, for a model with n scalar state variables, the number of elements of the T matrix to be determined, 
np, and the dimensions of the coefficient matrices to be inverted in solving for the synthesized inaccessible 
variables, p x p, increase as the number of inaccessible variables, p, increases, it would be desirable to 
determine whether there is a value for the ratio, *, at which a fall state observer would be more readily 
implemented than a reduced state observer. 

8. In view of the especially convenient forms of the modal state variable single-axis models of the flexible 
spacecraft and of the corresponding observer synthesis equation it appears worthwhile to investigate ways 
to mitigate the requirement that all rotational displacement state variables in the original model be 
accessible. 
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